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NOTATION AND CONVENTIONS
Let x = (x1,...,2,) € Q@ CR", and
Opu=—, j=1,...,n.
J &rj

The gradient of u is
Vu = (0, uy...,0.,u).

The Laplace operator on R" is

The d’Alembert operator on R is

n
Uu = 8§1u — Agn-1u = 8§1u - E 8§ju.
Jj=2

A vector a = (a1, ..., ap) € Nj is called a multi-index of order |a| = a1+ - -+ a,.
We denote
oo olely
U= =
Ozt - dxp
and similarly for @ = z{'x5? - - - x4,

Q is the closure of 2, and 9Q = Q \ Q is the boundary.

For € bounded, we equip this set with the norm:

lullom@) = D sup |0%ul|z.
Q

laj<m

This yields a Banach space.

C™(Q) is the space of m-times differentiable functions, which are continuous up
to Of.

C>(2) = N,nen C™(12) is the space of smooth functions.
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INTRODUCTION

These lecture notes are based on Math 576 taught at the University of Illinois Chicago
by Prof. Christof Sparber in the Spring 2025 semester and by Prof. Irina Nenciu in the
Spring 2024 semester.

1. THE BAsICS
1.1. What is a PDE?.

Definition 1.1. A partial differential equation (PDE) is an equation for an unknown
u:Q CR" — RF and its derivatives, where n > 2 and €2 C R"™ is some open connected
subset of R™. A scalar PDE is obtained for k£ = 1.

Definition 1.2. The support of u is
suppu = {z € R" : u(z) # 0}.

Thus,
C5°(Q) = {u € C™(Q) : suppu is a compact subset of R"}.

Definition 1.3. Let o, 3,... be multi-indices, and let
F:QxRF SR

such that
L(u)=F (:L‘,@O‘u,aﬂu,...) =0.

We call this a PDE of order m = max(|a|, |3],...).
e A PDE is linear if F if is linear with respect to the derivatives of u.

e A PDE is quasi-linear if F' is linear with respect to the highest-order derivatives
(of order m):

F(x,0%,...)= Z ao(z,u, 8Pu)0%u + f(x,0%u,u),
|a)l=m
where

L,(u) = the principal part of the differential operator.

Definition 1.4. A PDE problem is Lu = 0 together with possible initial/boundary states
for w.

Question 1.5. Some important questions we might ask are:

e Existence of a solution u?

e Uniequness of the solution?

e Continuous dependence on the data?
Definition 1.6. (Hadamard) A PDE problem is well-posed if there exists a unique solution
u depending continuously on the data.
1.2. The Cauchy Problem. For u : R" — R, we consider a quasi-linear PDE of order
m € N, ie.,

L(u) := Z ao(z,u)Viu+ f(z,u) =0, z€QCR"(x) (1.1)

|a|=m
where a, and f involve V%u up to order |o| < m — 1.
Definition 1.7. Let I' be a C'-hypersurface in Q C R” with associated unit normal vector

v. Then, its directional derivative in direction v is

%:V'VU/.
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Definition 1.8. Let ¢1,...,gm—1: I' = R be some given functions. A (unique) solution
u to 1.1 such that ,

du

w = gj onT

is called the Cauchy problem.

In the following, we assume that the data g; are analytic. Denote
S=TU{g1,- -, 9m-1}-

Definition 1.9. S is called characteristic for L at xg € T if L(u) at xy cannot be de-

termined from the Cauchy data. If this holds Vxg € I', we say S is characteristic for
L.

Remark 1.10. For linear PDEs, S is characteristic independently of the Cauchy data.
Thus, I' is called a characteristic.

Theorem 1.11. Denote by
Ly(&u) = Z aq(z,u)€, €€R
la|=m
the principal symbol of L. Then S is characteristic at xog € T if and only if
Ly(v,u(zo)) =0,

where v s the unit normal vector on I'.

Proof. For C'-hypersurfaces I, there exists a local differentiable coordinate transformation
x — v mapping a neighborhood of xg such that the image of I is given by a level set v, = 0,
with V~; orthogonal to I'" and s, ...,~, spanning the tangent space.

The inverse map v — x yields:

r=ar(y2,. ., Yn) F V(Y25 )1

Thus, all normal derivatives (V~;)® for || < m — 1 are given through the Cauchy data.

Changing coordinates in the PDE, we obtain
L(u) = Y aalzo,u)Vu+ f(x,u)

|a|=m

0" o
= > aa(@0,u) 55 (V7)™ + g(0, u)
o
la|=m
_0Mu
oy
Since the higher order normal derivatives are not obtained from the Cauchy data, for X
to be characteristic, we must have:

Lyp( VA1, u(z0) ) = 0.

Ly (Vy,u(zo) ) + g(z,u).

Example 1.12. For (z,y) € R?, consider the Cauchy problem

{L<u> = Fu =0,
u(ZL‘, O) = gO(x)a ayu(:U’ O) = gl(l‘),

where gg, g1 are analytic.
Since T' = {(x,0) € R?}, we have v = (0,1), and for £ = (&1, &), the principal symbol is
Ly(§) = &
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Then Ly(§) =0 on I', it is characteristic.

However, we might face the following problems.

e The value of L(u) on I" satisfies

0%u d (0Ou ,
8:1:8y<m’0) a- <(9y(w’0)> = g1(x).

" Oz
If g} # 0, this leads to a contradiction with % = 0, implying that no analytic
solution u will exist.

e If g1 =0, ie.,, g1(x) = k (a constant), then one can check that

u(z,y) = g(x) + ky + f(y)
solves the Cauchy problem for all f such that f(0) = f/(0) = 0. Thus, there is no
uniqueness in this case.

Example 1.13. For (z,y) € R?, u, go, g1 analytic consider:
Ou=54- 94 =0,
u(z,0) = go(z), Oyu(z,0) = gi(z).
SoT' = {y = 0} C R?, then we have
V= (07 1)a Lp(g) = f% - gga
hence L,(v) = —1 # 0 not characteristic!

Claim: we can find all derivatives of « on I'. Denote

() okl
Dy = 2y
“ &xk@ylu

Then,
DFEOy(2,0) = gék)(:v) Vk > 1.
DDy (z,0) = g%k)(x) Yk > 1.
For | > 2 and k, using the PDE, we get

DFEDy(z,0)
9%u
pri= %
@0
_on 0%
— pl 2)8332( ,0)

D(k+2,l72)u(‘r7 0)

Thus, this gives a recursive relationship for all derivatives, requiring only D®:0y and
D® Yy on T. One finds:
(k—i—l)(x)

DF:y, z,0) = 90
(=.0) gD (@), 1 odd.

[ even,

Expanding u in a Taylor series near y = 0 yields

2. DODy(z,0
u(w,y) = l,( y
1=0 '

Since
DOu(z,0) = g (@), DOHu(z,0) = g+ (),
we obtain the unique analytic solution.
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Example 1.14. For (z,y) € R? and I’ = {y = 0} C R%. we consider

o) 0
{W+%—£—ﬁ

Since
Lp(f, U) = 5% + Uf%,
and v = (0,1),

Ly(v,u(z,0)) =0+ u(z,0) =1
is not characteristic. Notice that we can find all derivatives of v on I':
DFEOy(2,0) =0, Vk>1.
DFEDy(z,0) = {1’ h=1
0,k>2
For | = 2, rewriting the PDE generates

0u 1 ou 0%u
G0 =uw 0+ o (G0 - 5w0) — s

Taking more derivatives yields

k Lk=1
D®2)y(2,0) = 87(1 V)= { ok

Oxk 0,k>2
More generally, D%*:Dy(z,0) for I > 2 is obtained by differentiating the PDE.

Theorem 1.15 (Cauchy-Kovalevskaya). Let L be a quasilinear differential operator with
analytic coefficients. Assume the initial surface S = T'U {go,...,gm—1} is analytic and
non-characteristic for L. Then the Cauchy problem

L(u) =0,
u|F = 9o,
has a unique analytic solution locally near T.
Proof. The proof follows by expanding u in a Taylor series (possibly after a suitable

change of variables to "flatten” I')and determining the coefficients using the Cauchy data
and PDE. O

Remark 1.16. In practice, this theorem is not very useful because:
e It only provides a local existence result in general.

e The analyticity assumptions are often too strong.

In addition, one faces other issues, as the following example shows.

Example 1.17. For (z,y) € R?, consider

Au = mg—i—ay =0
u(z,0) = esin (%) for some € > 0.
Se(z,0) =0

This is a non-characteristic Cauchy problem with analytic data. Omne checks that the
unique solution is given by

u(z,y) = Es.in (f) et + Esim (E) et
Y=g € 2 € '
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Taking the limit as € — 0, we see that the solution does not converge to a single analytic
function.

Remark 1.18. Cauchy problems for the Laplace equation (or other elliptic PDEs) are in
general ill-posed, while boundary-value problems are usually well-posed.

1.3. The method of characteristics for first order (quasi-linear) PDEs. For 2 =
(z1,...,2,) € R, we consider equations of the form:

n

Zaj(a:,u)arju = f(z,u) (1.2)

=1

with C'-coefficients a; and f. Then the principal part can be calculated as

Our goal is to turn the PDE into system of ODE. Let s € I = (sp,s1) C R and define
curves

x:I—R"
s+ x(s)
such that
ij(5) = a;(@(s), u(a(s)) )
and

z(s) = u(z(s)).
Then the L.H.S. of 1.2 is equal to

(= 3 2D
j=1 J

Therefore, in view of (x), we get
{ﬂ@=dﬂ%d$)
2(s) = flx(s),2(s))
which are the characteristic ODEs associated to 1.2 . More precisely, we can use this
idea to solve the Cauchy problem associated to 1.2, where without loss of generality, we
consider
I'={zeR":z, =0},
hence v = (0,0 ---,0, 1), giving us the system
2?21 a’](x]7u) ax]u :ﬁ{(l‘»u)a (13)
ulr = uo(y), yeR".

Theorem 1.19 (Local Solvability). Let U C R"~! be open, and let yo € U. Suppose
., {as}jen € CUR" X R), wp € CH(U),
and assume that
S=TU{up}
is non-characteristic at (yo,0); i.e.,
@((40,0), u(yo))7 = an((y0,0), uo(yo)) # 0.

Then there exists an open set W C R™ with W N (R"! x 0) C U such that 1.3 has a
unique solution u € CL(W) with ulr = u(y,0) = uo(y).
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Proof. The solution u is obtained from the characteristic ODEs with initial data
z(0,y) = (y,0) and z(0,y) =uo(y), ie.,

#(s,y) = a(2(s,9), 2(5,9) ), =(0,y) = (y,0),
2(s,y) = f(x(5,9),2(5,9) ), 2(0,y) = uo(y).
Since a and f are in C', the theory of ODEs implies that for every y € R?~!, there exists

a maximal solution (x(s, Y), z(s, y)) defined for s € I, C R containing the origin (by the
Cauchy—Lipschitz theorem).

The function
(s,9) = 2(s,9)
is C! on an open set Uyep{y} x I, . We want to define uniquely
u(z(s,y)) = 2(s,9)
for s # 0. This requires that the map
y— x(s,y)

needs to be injective (i.e., characteristics don’t cross).

Moreover, as s and y vary, the curves z(s, y) should trace out an open set W C R™. Both
of these follow from the inverse function theorem if the Jacobian of

(y,8) = a(s,y)
is non-zero at s = 0 and y = yo. Since z(0,y) = (y,0) € R,
0y;7i(0,y) = 045,  0szi(0,y) =0 ifi #n.
We also have
952(0,y) = al((y,0), uo(y))

in view of 1.2. Hence, the Jacobian:

Or1 Oz, Oz~ Oy

gﬁ gyz agn_l 863 10 0 a1((y0,0),u0(yo))

S o T g e || |01 0 a2((y0,0), uo(yo))
det i : i = . .

Oxn  Orm  orn O V¢ L \

Gza fon ... fm_ om 00 0 an((y0,0), uo(y0))

This simplifies to
an((y0,0), uo(y0)) - v
by the non-characteristic condition. Hence,

a((y0,0),uo(yo)) # 0.

Example 1.20. Consider
U0z, U+ T2 Ogu = X1,
u(x1,1) = 2.
Hence,
= {(x1,22) €R?: 2y =y, 20 = 1} = (y,1) € R?
is a parametrization of I'. Using the method of characteristics, we get
21(s;y) = 2(s59),  21(0;y) =,
ia(s3y) = 22(s;y), w2(059) =1,
i(s;y) = zi(s;y),  2(05y) = 2y.
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The Jacobian is given by:
o0z o1
T s 1 2(0,y)
det | Qv 95 ) =det ( ! > .
<8§; 85652) 0 .%'2(0,y)

This simplifies to

L 2y)\ _
det(o 1>—1750,

so I' is non-characteristic. We proceed by solving the system of ODEs. Clearly,
za(s3y) = Co(y)e®.
Co =1 from z2(0;y) = 1. Notice
1(s;y) = 2(s;y) = z1(s39).
Equivalently,
i1(s;y) — 21(s3y) = 0.

Using the classic result from ODE, we get

z1(s,y) = Ci(y)e® + Ca(y)e™®
z(s,y) = #1(s,y) = Cu(y)e® — Ca(y)e™™

Applying the conditions at s = 0, the solution is

To invert (s,y) — (z1,22), we subsitute zo = e° into x;:

3 y
Tl = —yrg — —.
1= QT g
yielding
. 21’1:62
v= 3z3 -1
Hence

w(zy, x9) = z( s(x1,x2), y(x1,72) )

N 2.7}1.%'2 <3x2 1 )_ 1'1(31'%4-1)

T32—-1\ 2 ' 21 323 -1 7

for zo # :t%. One checks that the Jacobian

1

V3

Oz Oxy
det 8832’92 éi—)ny (87 y) 7é 0 if and OIlly if To = e’ 75
0s oy

Remark: This method can be generalized to fully nonlinear, first-order PDEs as shown
in [2].
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1.4. Classification of second order PDEs.

Definition 1.21. A general second-order differential equation (quasi-linear) can be writ-
ten as

n
0u
L(u) = P u, V) =0 1.4
()= 3 e g+ F(@u, V) (1.4)
7,0=1
where all a;; = a;;(x, u, Vu). We can without loss of generality assume that A = (a;5)7 ;4
is symmetric, since otherwise
0%u n 0%u (as; + a) 0?u
s Lir — (i & s )
Y 0x;0x; 7" O ;0w I Y Q0

9%u 1 9%u

(05 + 430 s 4 S (g + as)
= 5(ai; ji 5laij +aji .
J K 8:1:18:@ 2 J J 81‘]8@

2

where (bi;)}';—1 = 3(aij + aj;) is symmetric.
Definition 1.22. Let Aq,..., A\r € R be the eigenvalues of A.
(a) We call 1.4 elliptic at z, if A\; >0 forall j=1,...,n.

b) We call 1.4 hyperbolic at z, if 35 € {1,...,n} s.t. \; > 0 and \; < 0 for i # j.
J
(or vice versa)

(c) We call 1.4 parabolic if 3j € {1,...,n} s.t. A\; =0 and all other \; (i # j) have
the same sign (positive or negative).

Remark 1.23. For n = 2, we have A = <a

b i) such that L(u) = div(AVu). The

eigenvalues are

1 1
Al = §(a+c) i§\/(a+c)2+4(b2 —ac) €R

Hence, we conclude
M2 >0 < b —ac<0.

A >0, M <0 < b?—ac>0.
M=0 <= b —ac=0.

Example 1.24. For the Laplace equation on R", Au = 0, we have A equals the identity
matrix and all its eigenvalues equal to 1. Hence, the equation is elliptic.

Example 1.25. Consider the wave equation for (t,z1,...,x,) € R""L:
81515 — Au=0.
Then
1 0 0 0
0 -1 0 0
A=10 0 -1 0
o o o - -1

which ahs one eigenvalue equals to 1 and n — 1 eigenvalues equal to —1. Thus, it is
hyperbolic.

Example 1.26. Consider the heat equation on R"*1:

Oyu — Au = 0.
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Then
0 0 0 0
0 -1 0 0
A=10 0 -1 0
0 0 o --- -1

and hence the equation is parabolic.

Note that the initial value problem:
ou—Au=0
u|t=0 = UO('r)a z eR"

is not a Cauchy problem, but usually still well-posed.
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2. DISTRIBUTION THEORY
2.1. Basic notions from real analysis.

Definition 2.1. Let 1 < p < 0o, we denote, for Q open and 2 # (),
LP(Q) = {f : Q@ — C measurable and || f]|zr < o0},

i1 = ( |f<x>|pdx)l/p.

Proposition 2.2. It holds that LP(Q) = Ceo(Q) ™", i.e., C5° is dense in LP(S).

where

Definition 2.3. For p = co, we define:

| fllLee = ess supgeqlf(x)] =inf{C > 0:|f(z)| < C for almost all z € Q2}.
Proposition 2.4. The spaces LP(2) with 1 < p < oo are Banach spaces, i.e., complete.
Definition 2.5. For p = 2, we obtain the Hilbert space L?(£2) with the inner product:

(r9) = [ rada,
Q
such that || f||2. = (f, f). We say that f is orthogonal to g in L*(2) if (f,g) = 0.

Lemma 2.6 (Holder inequality). Let 1 < p,q < oo such that % + % = 1. Then for all
feLP(Q) and g € LIY(Q):
'/ fgdx
Q

[l < N llezllgllz2,
which is the Cauchy-Schwarz inequality.

< [Ifllzellgllze-

For p=q =2, we obtain:

Theorem 2.7 (Lebesgue dominated convergence). Let {f;}jen be a sequence of measur-
able functions such that limj o fj(xz) = f(x) almost everywhere on Q@ C R™. If there
exists g € L*(Q) such that |f;j(x)| < g(z) for all j > 1, x € Q, then

.lim/fjd:c:/fdx.
J]—00 (o) (9]

Remark 2.8. If meas(Q2) < oo, i.e., Q2 is a bounded domain, then g(x) = constant is
sufficient.

2.2. Distributions on D'(Q).

Definition 2.9. For Q C R™ open and Q) # (), we call
D(Q) :=C () ={f: Q2 — C, f smooth with compact support},
the space of test functions.

Definition 2.10. A sequence {¢y, }m>1 of test functions is said to converge to ¢ in D(12)
if there exists a compact K C £ such that supp ¢,,, C K for all m > 1, and

sup |vg¢m_Vg¢| %O? Vo = (ala"'aan) ENS
zeK

Example 2.11.

o) 0, lz] > R >0,
€Tr) =
exp (‘xPRinQ) s |$‘ < R,

is in D(2) (Homework).
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Definition 2.12. A distribution u € D’'(2) is a linear continuous functional u : D(Q2) — C,
© = u(yp), ie.,

o u(awpr + Biz) = au(pr) + Pulps), Vo, B € C,

o If v, — ¢ in D(Q), then u(pn) — u(p).

Remark 2.13. D'(Q) is called the dual space of D(Q2), and we say that {u;};>1 C D'(2)
converges u; — w in D'(Q) iff:

lim u;(¢) =u(p), Ve e D(Q).

_]HOO

Lemma 2.14 (Regular distributions). Define
() ={f:Q—=C| / |f(z)|dx < 00,V compact K C Q}.
K

Then any f € L.(Y) defines a regular distribution uy € D'(2) via:

- [ f@)pla)da, Vi D@)
Proof. Clearly, uy is linear and well-defined since:

()] < / Flielde < o= / flde < oo,
K K

by Hélder’s inequality. The Lebesgue DCT yields continuity (exercise). O

Notation: From now on, we write u(y) = (u, ), the duality bracket. For f € LS (£2),
we write, by abuse of notation,
up(p) = (f,9)-

Definition 2.15 (Dirac Distribution). Given zy € €2, we define J,, : D(Q2) — C via
{020, ) = p(w0) Vi € D(Q).

Theorem 2.16. The 6y, -distribution is not a reqular distribution but can be obtained as
the limit of such a reqular distribution.

Example 2.17. Consider the funtion
f(x)—{;e if | — xg] <,
€ - .

0 otherwise.

Then clearly f € L'(R) such that [ |fe|dx =1 Ve > 0. We claim that fe — &g, in D'(R),
ie.,

Hm(fe, ) = (0zy, 9) = ¢(w0), Vo € D(R).

To see this let W.L.O.G. x¢p = 0 Then,
1
% dz.
{fe) =5, /|x|<€ ¢(x) dx

1
- = ( /xl<€(eo<x> — 0(0))dz + (0) /| dx)

1 1
= — x) — p(0))dx + O/ —dz.
2¢ mge(@( )= ¢(0) #0) la|<e 2€
Here, the second integral f o] <e 26d:v =1 for all ¢ > 0. For the first integral, subsitute
y = ¢ yields
1 1
(fe ) = 2/1(s0(6y) — ¢(0) )dy + »(0).
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by the Dominated Convergence Theorem,
1 1

lim > _1(90(69) —¢(0))dy = 0.

Thus,

Definition 2.18. Let O be an open subset of Q@ C R”, and let u € D'(2). We say u
vanishes on O if

(u,) =0 Vo € D(0), where supp(yp) C O.

Let O be the maximal open set in €2 on which « vanishes. Then, Q\é is called the support
of u e D'(Q).

Example 2.19. §,, vanishes on any O C R" not containing zy € R". Thus,

Supp(ézo) = {‘TO}
Theorem 2.20. Let L : D(Qq1) — D(Q2) be a linear continuous map. Assume L has an
adjoint L* : D(Q2) — D(Qy) such that

(0, L* () = / () L (1) () dr = / L(0)()b(y) dy = (L(o), ).

o]} Qo

for all ¢ € D(Qy), ¥ € D(a).

Then, L can be continuously extended to L : D'(21) — D'(Q2) via
(L(u),¥) = (u, L*(¥)), Vu € D'(),v € D(Q2).

Proof. L is linear since L* is linear by assumption and (-, -) is linear in its first argument.
Continuity follows from the convergence u; — w in D'(£;). O

Definition 2.21. Let a € C*>°(Q2) and ¢ € D(2). Define
Ma(p)(2) = a(z)p(2).
Then M) = M,. Hence, multiplication of u € D'(2) by a is given by
(Ma(u), ) = (u,ap), Vo € D(Q).
Definition 2.22. Let n: Q3 — Q; be a C*°-diffeomorphism. For ¢ € D(§;), let L(p) =

@ on. Then the transformation formula is

/@((n(y))wy)dy:/ p(x)p(n~ " (x) )| det Dy~ |dy
Q Q

2 1

Thus,
(won,v) = (u,von"|det D).
for all u € D'(Q1), 9 € D().

Example 2.23 (Translations and reflections). Consider the following
(a) Translations: Let y € R™ and define
7(¢) = ¢z —y) for peDER").
Then 7, 1 — T_y, and hence
dy = bpoTy.
is defined and
(0y,9) = (007, 9) = (B0, 07, ) = ¥(y).
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(b) Reflections: Let R(p)(z) =
u € D'(R™) and ¢ € D(R™),
(Ru,v) = (u, Rep).

For ¢, € D(Q), we compute(Vp, ) = (—1)I(p, V¥) where boundary terms vanish
since ¢, 9 have compact support C 2.

o(—x) for ¢ € D(R™). Then R* = R, hence for all

Definition 2.24. The derivative of a distribution u € D'() is given by:
(Vou, ) = (=1)1*(u, Vo), Vo € D(Q), Vo e Ng.

1, z=>0,
0, z<0

Example 2.25. Let H(z) = { be the Heaviside function.

Then H € L} (R) and its derivative in D’(R) satisfies:

loc

(H' ) = / (@) dz = 9(0) — (00) = (0),

since 1) € D(R). Thus,
(H',9) =(0) Vi € D(R),
ie. H =6 in D'(R).

Remark 2.26. Using this definition, we see that every distribution is infinitely often
differentiable.

Example 2.27.
(V00,9) = (=)} (80, V4) = (1)1 V(0.
Definition 2.28. Let ¢,1 € D(R™). Their convolution ¢ * 1) € D(R™) is given by:

(o)) = [ o= v dy
— [ ewte - n)dy = ).

One checks (homework) that:
Va(@*w) ZVQQO*TZ):QO*VQI/}’ Vg@,i/JED(Rn).
Let f,¢,9 € D'(R") and check L¢(p) = f *¢. Then:

(Li@)) = U+ e = [ (@ =0)e))b@) dody.

Using Fubini’s theorem, we get

= [ ([ ferte - 2twa) a-

where z = x — y. This gives

= ([, (Rep) * 1),
where (Ry)(z) = ¢(z — x).

Definition 2.29. For u € D'(R"), the convolution with a test function ¢ € D(R") is
given by:
(ux,1) = (u, (Re) x¢), V¢ € DR"),
Example 2.30.
(B0} = (6. (Re) +8) = (Re) x0)(0) = [ olw)otw)dy = (. v).

Hence, dp * ¢ = ¢ in D'(R").
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Theorem 2.31. Let Q C R™ be open, and let f,g € L (Q). If:

loc

/ f(@)p() dz = / g(2)p(z) dz, Vg € D),
Q Q

then f = g a.e. Hence, functions are determined by their distributions.

Proof. (Sketch) In the case where f,g € C(R"), take a sequence ¢, (z) = ¢(y — x) for
some y € R” such that

feodr = (f*pn)(y)
RTL

and satisfies the desired equality
/ lon|de =1, VneN, ¢, — J asn — oo in D'(R"),
Rn
i.e. ¢, is a sequence of mollifiers (Homework). Then

fondr = / gondr, Vo, € D'(R").
Rn n

= f*xon=g*pn.
Asn — oo,
f=g=gx*dy oncompact € CR".

More generally, one needs to show that

(f *¢n) — f in Li (R"™) uniformly.

2.3. Fundamental Solutions. Let L = }",, ., aa(2) Vg be a linear differential operator
with aq € C*(Q), Va € Ng. Then its adjoint is:

Lo= Y (-1)V¥(aap).

|la|<m
Definition 2.32. Consider the PDE Lu = f on Q with f € D'(Q).

(1) A function v € C™(Q2) solving Lu = f pointwise for all x €  is called a classical
solution of the PDE.

(2) A u e D'(Q) which satisfies Lu = f in D'(Q), i.e.,
(u, L*(p)) = ([, ), Vo € D(Q),
is called a distributional solution.
(3) A distributional solution u € L. () is called a weak solution.

Lemma 2.33. Every classical solution uw € C™(Q2) to Lu = f is also a classical solution.
Conversely, if u € D'(Q) is a distributional solution and v € C™ (), then u is a classical
solution.

Proof. Homework O

Definition 2.34. Let L be as before and zg € Q. A uy, € D'(Q) satisfying Lug, = 0y, is
called a fundamental solution of L with singularity at .
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Example 2.35. Let L = % on R. Then up(z) = 3|z| is a fundamental solution with
singularity at xg = 0.

1 (—1)" 1

(Luo) = 3110 = G- o) = 3 [ lale/(e) da

Integrating by parts twice, we find
{Luo, p) = ¢(0) = do(p), Ve € D(R).
Remark 2.36. Note that u(z) = §|z| + kz + k, k € R, is also a fundamental solution of

2 C o . .
L= dd?. This implies there is no uniqueness.

Lemma 2.37. If L is a linear differential operator with constant coefficients and ug €
D'(Q) is a fundamental solution with singularity at xo = 0, then Ty,ug € D'(Q), is a
fundamental solution with singularity at xo where ., denotes translation by xg.

Proof.
(L(Tg Ju0, @) = (Taguo, L* () = {u, L* () 0 7 ) = {u, L*(9 0 7)) = (L(w), 0 0 Ty
= (80, © Tay) = Oz, ().

Remark 2.38. Sometimes 7,,u is indeed a function u(-, z9) € Li (Q), such that

Pla0) = 20, L) = [ ula —20) I (9) (o)
Such a u(-,zo) € L is called a Green’s function of L.
Theorem 2.39. Let L be a differential operator with constant coefficients and f € D(R).
If ug € D'(R™) solves Lug = &y, then u = ug * f € D'(R™) solves Lu = f in D'(R"™).

Proof. By the property of convolution,
<L(U() *f)790> = <L(u0) *f7@> = <50*f790>
By 2.30,
= <f7 90>'

Example 2.40. Let f € D(R) and consider «” = f on R. Then
1 1
u(w) = 5+ D@ = 5 [l lf ) dy
R

solves the equation. Moreover, since f € D(R), we have u € C*°(R) and thus a classical
solution.

Remark 2.41. If f € L'(R") with compact support, we obtain v € C(R") C Lj,.(R")
and thus a weak solution.

Theorem 2.42 (Malgrange-Ehrenpreis). Any linear differential operator L with constant
coefficients admits a fundamental solution.

Remark 2.43. Consider the IVP:
Owu = Lu, t>0
u(0,z) = g € D(R™)

A fundamental solution with singularity at 0 satisfies:

atu —Lu = 615:0596:0.
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However, we usually find a function F' = F'(¢,z), t > 0,z € R", sufficiently differentiable
such that:
OF =LF, fort>0,zeR"
lim F(t,z) = 6,—¢o in D'(R").
t—0+

Then, the solution u(t, z) is given by:

utia) = (Ft) )@ = [ Flt.o=p)aly) do
Formally,
Ou=0(F(t,-)xg)=(LF)xg=L(Fxg)=Lu, t>0
lim wu(t,") = lim (F(t,")*g) =d*xg=g

t—0t t—0t

Note: F' is sometimes called a fundamental solution of the IVP.
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3. FOURIER TRANSFORM

3.1. The Schwartz Space and the Fourier Transform.

Definition 3.1. The Schwartz space S(R™) is the vector space of rapidly decreasing
smooth functions

S(R") = {f € C*(R"™) | sup \xo‘vﬁf( )| < oo, Vea,B€ Nn}.

zeR?

Note: C3°(R") C S(R™).

Definition 3.2. The topology on S(R") is defined using the semi-norms:

1fllavs = sup |2°V5 f ()] for o, 8 € N",
rxeR™

i.e. For a sequence {¢x} in S(R"™), we say ¢ — ¢ in S(R") if:

ok — @llag =0, ask—oo, Va,BeN

Proposition 3.3. Let f € S(R"):

(1) YN > 0,YVa € N*,3C, n > 0 such that
Ve f(2)] < Can(l+]a))7", VzeR"

(2) S(R™) is closed under multiplication by polynomials. If f € S,p is a polynomial,
then pf € S.

(3) S(R™) is closed under differentiation.

(4) S(R™) is an algebra: if f,g € S, then fg € S.

(5) C3°(R™) is a dense subspace of S(R™).

(6) S(R™) is a dense subspace of LP(R™) for 1 <p < co.

For (6), notice

ciecSclLp

where the inclusion C§° C LP is dense.

Proof. (Proof of (5)) Let f € S(R™). Consider ¢ € C§°(R"™) such that ¢(x) =1 for |z| < 1,
and define:

X

fe(z) = ¢ (E) f(x), k>1

Then f € Cg°(R™) and

X

fil@) = f@) = (o (7) =1)f@)

which is zero for |z| < k.

Since |f(z)| < Oy (1 + |z|)~N, N >0, for |x| > k:

fula) — F(@)] < C (sup ()| + 1) (A4 [

z€R™

For |z| < k,

) — F(@)| =0 < Cy (sup ()| + 1) A+ la)) N

reR™

Taking k — 0o, we get sup,ern |fx — f| = 0, and similarly for all other semi-norms. O

Example 3.4. The function ¢~1** is in S(R") but not in D(R™).
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Definition 3.5 (Fourier Transform). For f € S(R"), the Fourier transform is defined as

1

= — z)e " dy
FNO = gy [, S
and we write f = Ff.
We directly see
F©) = s [ 1F@)lde <0 for 1 € SEY)
(2m)n/? Jge '

Lemma 3.6. For f € S(R"), f is a bounded function on R™ such that

1

1 lloo < Wllfllu-

Remark 3.7. Indeed, the Riemann-Lebesgue lemma shows that
f(©) =0 as g — co.
Proposition 3.8. For f € S(R™), we have f € C®(R™) and the following properties hold:
(1) Translation: 7_y f(x) = f(z +y) S eVEf (&) fory € R™.

(2) Modulation: e®* f(x) St f(e—y) =1,f(6).

(3) Scaling: f(Ax) i ‘deltA‘f(Aflf) for A € R™ "™ invertible.

(4) Differentiation: V§f(x) Z, (i€)*f(€) for all k € Ny.

~

(5) x*f(x) = (iVe)*f(&) for all « € Ny

22
Example 3.9. [Fourier Transform of Gaussians] Let v = 1 and note that u(z) = e~z
satisfies v/ = —zu. Taking the Fourier transform, we get
g = —i
() = ce

where ¢ = 4(0). Since

. 1 _z?
U(O):C:(Zn_)l/z/l‘ge 2d.’1}',

1 22 .2
? = // e*Te*%dmdy
2T R2
o0 7‘2
= / re 2z dr =1,
0

22

52
Fle-2)=e 7

in n = 1. More generally, in dimension n € N,

we have

we obtain

x\2

Flem ) = 62 (2m)73,
Proposition 3.10. The Fourier transform is a continuous transform

F: SR — S(R).
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Proof.
1Fllas = €%V ll o

= |F(Va@’f))llze

<5 1)n V26 )l
= (2 (L la) D+ ol V)
<1+ wﬂwwmw <oc

< Cllfs,

Lemma 3.11. Let f,g € S(R"), then
F(f*9)(&) = (2m)"2[(©)3(©).

Proof.
(2m) ”/Q.Ff*g //f z—1y)g(y)dye ¢ dx

using Fubini’s theorem,
= [ ([ e = ne=<as) ats) dy

- (fror s

= (2m)"2£(€)3(9).

Let z = x — y, then

3.2. The Fourier Transform and its Inversion.

Theorem 3.12 (Inverse Fourier Transform). For f € S(R™), we have

f(z) = F (),

where )
W o f(f)emg dg.

F@) =

Proof. We want to show that

FUNE) = G [ [ Ty e = p(o)

To do so, let
_l=
e 2
k pu—
from 3.9,
k=k and / k(z)dz = (2m)"%k(0) = 1
Denote

folw) = [ f(&)e™Ck(c€)de, for e > 0.
]Rn
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Taking the limit as € — 0, by dominated convergence theorem, we have:
. 1 2 -
lim f.(x) = —n/g [ Fapecag
Now we will show the limit equals to f(z

f-(x) = (2) ”/2/ F)e @V €k (ce)dedy.
an

(2m) "/2/f [/ —ily—e fk(gg)dg} dy.

Since the inner integral is the Fourier transform of k.,

= [ st (y - ) dy.

Thus, as € — 0,

where .
ke(x) = "k (g> — 8o in D'(R™).

O
Corollary 3.13. The Fourier transform is a linear bijection on S(R™) such that
Flr=FF'l=id
Corollary 3.14. For f,g € S(R"™), it holds that (f * g) € S(R™).
Proof. By the algebra property,
F(f *9)(&) = 2m)"2f(©)3(6) € SR™).
Taking the inverse transform yields,
(fxg) € S(R).
O

We wil now extend F to LP(R™) spaces.

Proposition 3.15. Let X be a normed space with E C X a dense subspace. Let'Y be a
Banach space. If T : E —'Y is a bounded linear operator such that

ITzly < Cllzllx, Voek,

then there exists a unique bounded extension T:X =Y of T.

Proof. For uniqueness, let S be another bounded extension. If x € X and {x,}peny C E
such that z,, — z, then N N
lim (T — S)z, = (T — S)x.

n—oo
While at the same time,

(T—S)xn =Tz, — Sxy,
=Tx, —Tx, =0.
So,
T:U:Sx, Vo € X.

To prove existence, let {zy ey C E and x € X as before. Since {z,, }nen is Cauchy in X
and T is bounded, {7z, }nen is also Cauchy. By completeness of Y, there exists a limit,
which we denote by T'x.

Linearity follows from the linearity of 7. a
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Theorem 3.16 (Riemann-Lebesgue Lemma).
F:SR") — SR
uniquely extends to a bounded linear operator
F: LYR™) — Cy(R™)
such that Vf € L*(R"™),
1flloe < 2m) "2 f 1.

Moreover,
lim F(f)() =0.

€] =00

Proof. Existence follows from || f|lso < (27)~™/2||f||l1 and the previous proposition. To
show that f decays as £ — oo, we take g € S(R™) and choose € > 0 such that

I1f = dlloe < I = gllpr(2m) 72 <e.

Choose R > 0 sufficiently large to obtain
lg(x)] <e/2 for |z| > R.

Thus, ) A
[f@)] < 1f(z) — g(@)l|Le +19(z)] <e/2+¢/2 =k,
for |z| > R. O

Lemma 3.17. For f,g € S, we define

(f,9) 12 Z/Rf(x)g(x) dz.

Then,
(F(£),9) = (f,F 'g).

Proof.

Fa) = [ [ ey dc

- /R fa) ( /R g(E)eint ds) dr.

= (f,.Flg).

Theorem 3.18 (Parseval’s Formula). For f,g € S(R),
(F,F@hez = (f,9) 12

Proof. Apply the previous lemma with g replaced by F(g). Then
(FU),Flghz = (FFH(F(9))re
Since F~'o F =id on S, we get
(L FH(F(9))z = (f.9)r2

Hence

(F(),F @)z = ({f,9) 12
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Theorem 3.19 (Plancherel’s Theorem). Setting g = f in the above result, we obtain

IFH e = 11 fll2-

This shows F is an isometry on S C L?. By density, we can extend it to all of L?. Hence,
the Fourier transform defines a unitary operator on L?.

Remark 3.20. So far, we have folliwing mappings properties
F:L'—- L> onR",
F:L*— L7
and
L' L2 L?4 LY, ScLinI?

Definition 3.21. If f € L?, f can be represented using an integral as the following.

e When n =1,
£(s) :p.v./f(x)e_mgdac for a.e. s
N .
= lim / f(x)e =8 dz.
N—oo _N
e Forn > 1,

— —zz§
p [ = im [ [

3.3. Extension to LP Spaces and Distributions.

Theorem 3.22 (Riesz-Thorin Interpolation). Suppose a linear operator T is bounded on
two endpoints:
T:IL°P - L™, T:LP — L™,
Let 0 € (0,1) and p,r such that p1 <p <p9, r1 <1 <71y and
1 0 1-6 1 B

p 4! p2 T 1 T2
Then T s also bounded LP — L", and we have the estimate

1Tl < O Cy % (I f e,
where C1,Co are the operator norms in the two endpoint cases.
Example 3.23 (Applying to the Fourier Transform.). In our setting:
e We know F : L' — L® (endpoint 1).
e We also know F : L2 — L? (endpoint 2).

Set (p1,71) = (1,00) and (p2,72) = (2,2). Then C; = (27)"2,Cy = 1. For 1 < p < 2, we
define

1 06 1-90 2

5—14‘7 = O0=-—-1
Similarly,

1_0 1-6_1-60_, 1

ro 2 2 D
Then,

'fL
IFflle < @m)20 7)) |-

Proposition 3.24. If fe LP, 1 <p <2, and f € L', then
FHhH=1r
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Example 3.25. Let f € L'(R) be defined by

L |zl <1,

@) = {0, 2| > 1.

Then its Fourier transform is

f L - z)e "8 dx
fo) = o= [ f@e s

Because f(z) =1 for |z| <1 and 0 otherwise,

R _ 1 ! —ixé
f(&) = \/%/16 dz.

fe = \/12? [/11 cos(z&)dr — i/ll sin(a:ﬁ)dx] :

Observe that sin(z €) is an odd function over the symmetric interval [—1, 1], so the imag-
inary part integrates to zero. Meanwhile, the cosine part is even, giving

/_11 cos(z§)dxr = 2/01 cos(z&)dx = 2 [sinﬁ(f)}

co 1 _sin©) [ sin(g)

For £ = 0, the standard limit % — 1 applies, yielding

Thus,

=
Notice that f € L2(R), but f & L*(R), then we have f = F~1(f) in L%(R). Indeed,
11172 = 1F117:

yields
© gin? ¢
——d¢ = .
-
Definition 3.26. A linear continuous functional

u:SR") = C
is called a tempered distribution, denoted as u € S'(R™). We say that u; — wu in
S'(R™) if
uj(p) = ulp), Vo e SER").
Remark 3.27. Tempered distributions are distributions.
Example 3.28. Consider the following examples
(i) 0z € S'(R™).
(ii) If uw € L{ .(R™) and there exists N > 0 such that
L+ ue LR,
then u € S'(R").
Sketch: ¢ € § implies

[ el <1+ o)Vl + o) e

(iit) w(z) = el?l. Then u € D'(R") but u & S'(R™).
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Lemma 3.29. Let y € R", a € N, and let a € C*°(R") such that a and its derivatives
grow at most polynomially. Then the operators My, 1y, R, and 0% defined on S(R™) extend
to continuous operations on S'(R™)

Proof. Exercise! O

Definition 3.30. For u € §'(R™), the Fourier transform F(u) € S'(R") is defined such
that

(Fu), o) = (u, F(p)), Vo e SR).
Remark 3.31. In addition, F : &' — &’ is an isomorphism with inverse F~! because
(FTUF(u), @) = (F(u), Flp)) = (u, FF ).

Thus,
FFP~1 = idgr.

Proposition 3.32. Let u € S'(R") and o € N". Then
F(0yu) = (i§)*F(u),

and
in 8'(R™).
Example 3.33. Let ¢ € S, then
<807 30> = <507 ¢>

Since
60) = G [ el i
5[) = ; in S/(Rn)
(2m)n/2
Example 3.34. Consider the fundamental solution to the Laplacian equation:
—Au = 50 in R™.

The Fourier transform of dy satisfies
do(€) = (2m) "2,
Hence, for £ # 0, the Fourier transform of the fundamental solution satisfies
€l*a(e) = (2m) 2,
A (271')_"/2
W) = ——.
One can show that Vv € (0,n),

’ ! L sm),

-1 _ ) = [
Fu ‘7) Cn.y ||

In particular, for n = 3 and v = 2, we have
u(x)

which corresponds to the Newtonian potential.

1

- 4|z

A framework for understanding the regularity of u € S’(R™) is provided by Sobolev
spaces.
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3.4. Sobolev Spaces.
Definition 3.35. The Sobolev space H*(R"™) is defined as
H*(R") = {u € L*(R") : 9%u € L*(R"),V|a| < k}
where for integer k, the derivative 0%u is understood in the sense of distributions.

Remark 3.36. H¥(R") = W"2(R"), where W*P(R") denotes the LP-based Sobolev
space.

Definition 3.37. An inner product on H*(R") is given by:
(U, V) gr = Z / 0%u 0% dz.
laj<k R
Since L? is complete, we conclude that H¥(R") is a Hilbert space.

Lemma 3.38. Let Py(£) = > 4<k 1€]2%. Then u € L2(R™) is in H*(R™) if and only if:

l[ull3 = /Rn P (&)|a(€)2d¢ < .

Proof. The proof follows from 3.19 such that ||u||z= = \/{u, u)zxr, and the property that
F(0%) = (i€)*a(§) in S

Definition 3.39. Define the Japanese bracket:
(€ =1 +1eY2.

It satisfies for constant cq, co,

()™ < Pi(§) < eaf€)™, VEER™
Thus, we can define Py (£) by (£)?* to obtain an equivalent norm.
Definition 3.40. For s € R, we define:

H*(R") = {u € 8'"(R") : ||u|lgs < oo}
where:

= [+ 6Py lace)Pde.

This defines a weighted L?>-norm. Then, the inner product is given by:

(e = [ (14 Pl

Remark 3.41. We have the following properties.
e The Schwartz space S(R™) is dense in H*(R™).
o If s > r, then H*(R") C H"(R™).
e For s > 0, we have (1 + |£[2)* > 1, so u € H*(R") implies u € L?(R"). Since

Julls = ol = [ fa@Pds < [ (1+1¢P)lace)Pde.

For s < 0, the elements of H*(R") are distributions rather than functions.
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Example 3.42. The Dirac delta &g is in H*(R") for all s < —%, since
30 = (271—)7%7
we have

6ol = (2m)" [ (1 I
Using polar coordinates yields :
6011375 = cns /Oo(l + 72 ldr < oo
if and only if n — 1 4+ 2s < —1, which siripliﬁes tos < —3.

Definition 3.43. Define the space
C(]fo(R”) ={ue Ck(R”) o lim |0%u(x)| = 0,V|a| < k}.

|z|—o00
with the norm
= o~ .
llll e, g@ll ull Lo~

Remark 3.44. Ck (R") is a closed subspace of C*(R™), implying it is a Banach space.

Remark 3.45. By the Remark (Riemann-Lebesgue Lemma, if f € L'(R"), then f €
Coo(R™).

Theorem 3.46 (Sobolev Embedding Theorem). For sp < n, we have

WP(R"™) < LYR™), where q= np_
n—sp

The embedding holds for all finite ¢ but fails at the endpoint ¢ = 0o, ps = n.

Forps >n, leta=s— %, then
WP — O,
where
C*={ueS :uel® |ulx)—uly)| <clz—yl*}.

Theorem 3.47. Let s > 5. Then we have the continuous embedding

H*R") < CFR™) for any integer k < s — g

Proof. If u € H*(R™), then we wish to show 0*u € L>®(R") (hence u € C*). Observe that
hu(e) = (19" a(e),
so by the inverse Fourier transform,
Pule) = [ (e eae) e
Taking absolute values,

k k|
Pul < [ 1el o

k
- [ & e mod

Apply the Cauchy—Schwarz inequality:

|0 u(z)| < (/@jfk)); (/Rn@)%a(g)\?dgy.

Because s — k > 5, the first integral converges, while the second integral is just the
H?-norm of w. Thus

—_

0%l oo ny < C lullare,
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implying 9*u is bounded (and continuous via standard Fourier inversion arguments).
Therefore u € C¥(R™) whenever k < s — 2. O

Lemma 3.48. If s > 3, then H*(R") is a Banach algebra; i.e.,
luvlgs < Csllullms |v]|gs  for all u,v € H¥(R™).

IA

2
C'||u||grs,. Then for multi-indices «, we have

0%(uv) = Z OPudv,
Bty=a

Proof. When s > %, we already know H*(R") < L*°(R") and that [|0%ul|ecgn)

and
0ol < Y 0% 70| 2
Bty=a
< Cllull ol o
Summing over all multi-indices with |a| < s proves the result. O
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4. THE HEAT EQUATION

4.1. Background. Let Q C R” be a bounded domain, and define p(¢,z) > 0 as the energy
density at time ¢t and location x € 2. The total energy in ) at time ¢ is

E(t) = / ot ) da.
Q
Its rate of change is
Blt) = / Oup(t, z) dz.
Q

According to the principle of conservation of energy, this must equal the net heat flux
through the boundary 09Q. If J(¢,x) denotes the heat flux vector, then

B(t) = —/ J(t,z) - 7ds,
o2
where U/ is the outward unit normal on 0f2.

By the divergence theorem,

/aQJ(t,x)-nds - /QV-J(t,:z:)dx.

Et) = /Qatp(t,x)dac = —/QV~J(t,a:)d:c.

Hence,

From this, we deduce the local form of energy conservation:

Fourier’s law states that the flux is proportional to the negative of the temperature (or
energy) gradient

J = —-kVp, k>0
Substituting this into the continuity equation dip + V - J = 0 yields
op — kAp =0,
the classical heat equation.
A more general constitutive relation sometimes used is
J = —kV(p™"), m>0.

In that case,
Op = MEV - (pm*1 Vp).

e The quantity m p™ ! acts as a diffusivity term.
e When m = 1, we recover the standard heat equation with constant diffusivity.
e When m < 1, the factor p™ ! tends to zero as p — 0, leading to slow diffusion.
e When m > 1, this corresponds to fast diffusion.
Definition 4.1. Let I C R be an open interval. A function
u:I — SR")
is continuous on [ if, for every pair of multi-indices «a, § € N,

Ju(t+h) — u(®)|aps —
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Definition 4.2. We denote the set of such functions by
C(I;S(R™)).

We say u € C*(I;S(R")) if u, 4 € C(I;S(R™)) where @ is such that

Hi(u(wh) — u(t)) — u(t)

—0> 0, Va,peN"

Y h—
We can then define C*(I; S(R™)) recursively for all k > 0.
Remark 4.3. A function u € C'(I;S(R™)) defines a function
v:IxR" - R
such that
v(t,z) = u(t)(z).
Then v € C(I x R™), and v(t,-) € S(R™). One identifies u(t)(x) with v(t,z) and so we
write dyu(t,-) instead of (t).

Lemma 4.4. Let u € C*(I;S(R™)). Define
= Fu:I — S[R")
by

/\

F(u(t)) =

(
Then 1 also lies in C* (I;S(R")), and for 0 < j <k,
dla(t) = f( t’u(t)>.
Proof. Exercise. O

4.2. Heat Equation Solution by Fourier Transform. Consider the initial value prob-
lem (IVP) for the heat equation in R":

owu(t,z) — Au(t,z) = f(t,x), t>0,
{U(O,:r) = wup(x), z € R", (4.1)

where ug € S(R™) and f € C(R; S(R™)).

Remark 4.5. The operator L = 9, — A is second-order but we only have 1 initial data,
so this is not a Cauchy Problem.

Remark 4.6. I' = {(t,7) € RY" : t = 0} is characteristic because for the principal
symbol

Ly 61, ) == > &
j=1

and 7 = (1,0,...,0) satisfies L,(7) = 0.

Example 4.7.
© 2k dk

solves

Ou — Au = 0,
U(O,J}) = 0,

which yields non-unique solutions.
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Theorem 4.8. There exists a unique classical solution
ue C™([0,00); S(R™)).
Moreover, the solution map
s(t) :ug — ult,-)

1s continuous. Notice this implies the well-posedness of the solution.

Proof. Using the Fourier transform in z € R™ yields

Oy + €)% a = f(t,€), t>0
ﬂ(07§) = ﬂo(f), IALO €S

Recall that for u(t) € S we have u(t) = u/(t\) and 9,4 = Ou. Thus, we can solve the
t-dependent ODE with £ as a parameter. There exist the unique solution

t

a(t,§) = e () + / e ME f(s,€)ds, 1>0,6 ER™
0

Since @ € C*°([0, 00); S(R™)), we have u = F 14 solves 4.1. O

Corollary 4.9 (Duhamel’s Formula). For up € S(R") and f € C*([0,00), S(R")), the
unique classical solution
ue C™([0,00); S(R))

s given by

u(t,z) = (K¢ xup)(z) + /0 (Ki—s * f(s,-) ) (z)ds, (4.2)

where the heat kernel is

||

Ki(z) = (4xt)™2e a0, t> 0.

Proof. For t > 0, the Fourier transform of the heat kernel satisfies
1 ||

—1,, —t|€]? _ - n
F (e ) (277)”/26 i, VreR"

Thus,
||

2m)" 2Ky (z) = e ar .

Remark 4.10. More generally, 4.2 extends to the case
f,0:f,05 f, || <2: constant and bounded
with classical solution
ue CH2([0,00) x R") N (C([0,00) x R™)).
Proposition 4.11 (Properties of the Heat Kernel). We have the following properties.
(a) t = Ky € C°°((0,00); S(R™)).

(b) 8th — AKt =0 on (0, OO) x R™.

(©) WKl gy = i Folr) i = 1= (22 F (K0 0).
(d) Semigroup property: Ksx Ky = Kgvy, Vs, t > 0.
(e) Ky — &9 in D'(R™) ast — 0T,
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Proof. Sketch of (e): For ¢ € S(R™),
<Kt’ §0> - (60’ 30>

= | Ky(z)p(z)dz — o(0)

Rn
= | Ki(z)(p(z)—¢(0)) du.

Rn
O

Theorem 4.12. K; yields the fundamental solution to the heat equation’s initial value

problem, in the sense that

~ K,

Kt(CL') _ t($)7 t>0

0, t=0

solves B

(Or — A) Kt = 61=00z=0-
Proof. For t > 0, x # 0, clearly we have

(0 — A)Ky = (8 — A Ky =0,
by (b) from the previous proposition. Hence all we need to show is
(Ki, () = (K1, —(0: + A)p) = 9(0,0), Ve € DR™).

To do so, let £ > 0 then

(K, L*(¢)) = — lim h Ki(2)(8; + A)o(t, ) da dt

e—0 e Rn
Using integration by parts
(Ky, L*(p)) = — lim {/ (0 — (x)p(t,x) dt dx
e—0 R” Je

+ hm K (x)p(e,x) dx.
R
Since (0 — A)Ky(z) = 0, and K; — o in D'(R™) as t — 0T by the previous proposition,
we have

(K1, L* () = ©(0,0).

4.3. Further Properties.
Theorem 4.13. Let u € C®°(R; S(R™)) be the unique solution to 4.1 with f = 0. Denote

B(t) = / ult, ) d,
then
E(t) = B(0) vt > 0.

Proof. Notice that
B(t) = / u(t, z) dz = (27) 5 a(t,0).
Since a(t, &) = e 1P ag(¢) + [i e f(s,€) ds and f = 0, letting & = 0 yields

E(t) = (2m) g (€)e 1P
£=0

= (27) 20 (0)



NOTES ON CLASSICAL METHODS OF PARTIAL DIFFERENTIAL EQUATIONS 35

= /nuo(x) dx

= / u(0,2) dw = E(0)

O

Remark 4.14 (Young’s Inequality). Let p,q,r € [1,00) s.t. % =1+ %, then if

[ €LP(R"), g€ LIR"),
(f*xg) e L"(R")
and

1 gllr < 1 fllpllgllq-
The special case p = 1,r = ¢ follows from Minkowski’s inequality for integrals.

The case p = qiil, r = oo follows from Holder’s inequality The rest follows from interpo-
lation.

Proposition 4.15. Let u € C*°(R; S(R™)) be the solution to 4.1 with f =0. Then
lim |ju(t,)||r» =0, Vp>1.

t—+o00

Proof. Since Vt > 1,

K; € S(R™) C LY(R™),
and o

1Kl < ¢ 297%). (Homework)

We obtain, using Young’s inequality,

[u(t, )l ze = [ ol v

< Kl [[woll e,

where ||ug|/zr < oo since up € S(R™). Then

_ﬂ(l_l)
lu(t, e < [¢]27 2 |uol|r —— 0.
t—o00

Proposition 4.16. The propagator
S(t) : S(R") — S(R™),
ug — Ky * ug,
uniquely extends to a map S(t) : LP(R™) — LP(R") for 1 < p < oc.

Proof. Young’s inequality shows that for ug € L?, Vt > 0,
(K xug) € LP(R"),

yielding the extension of S(¢) on LP(R™). Uniqueness follows from S(R™) is dense in
LP(R™), and if two linear, bounded (continuous) operators on a Banach space coincide on
a dense subspace, then they coincide everywhere. O

Corollary 4.17. Let ug € LP(R™) with 1 < p < oo, then
S(t)ug € C=((0,00) x R™)

is a smooth solution to the heat equation with f = 0.

Proof. Follows from the fact that K; € S(R™) for all ¢ > 0, and
S(t)ug = Ky * ug.
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Remark 4.18. This shows the strong regularization property of the heat equation.

Proposition 4.19 (Infinite speed of propogation). Let f = 0,ug € S(R™), ug > 0. Then
for all t > 0, the solution u(t,z) > 0 unless ug = 0.

Proof. Notice that

u(t,x) =

v [ )y > 0
75 € u

(47rt)”/2 R w—/\.o\ﬁ/ y
—_——

>0,Vt>0
unless ug = 0. O

>0 inx >0
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5. THE WAVE EQUATION
5.1. Background and Basics.

Definition 5.1. For (t,z) € R the wave equation is

{8ttu —cAu = f(t,x)

(5.1)
Uli—o = up, Oruli—o = w1

where ¢ > 0 is the local wave speed.

Motivation: Maxwell’s Equations of Electrodynamics in absence of charges
V-E=0, VxFE=-0B
V-B=0, V XB=pueqol
where pg, g9 are the electromagnetic permeability and permittivity. Formally,
V x(VxE)=—-0,(V x B)
= —pocou k.
Moreover, using the identity
VxVxE=V(V-E)—-AFE

we obtain: .

OuE = AAE, forc= ,
* NG

and similarly for B.

For simplicity, we set ¢ = 1 (i.e., rescale ¢t — ct) and study the non-characteristic Cauchy
problem with
ug,u; € S(R"), f e C(R; S(R™)).
Theorem 5.2. Under these assumptions, there exists a unique solution
u € C*(R; S(R™))
to 5.1.

Proof. Taking the Fourier transform in z yields

O + €20 = f(t,€)

Uly—o = dp, Oltt—0 = 1.
For every £ € R™, this is a second-order ODE in t. A system of linearly independent
fundamental solutions is:

el = cos(t]€]) £ i sin(¢]€]).
The variation of constants formula then yields

sin(lel) . [Psin((t = 7)lel)
)+ /0

Tul € f(r,&)dr (5.2)

a(t, §) = cos(t|¢])uo(€) +
the unique solution to the ODE.

Clearly, 4 given by 5.2 is C*° in time. Moreover, since ug, u; € S(R™), and

X 1\k 2k
cos(t[¢]) = Z 7( 1)(2(]:)‘§|) )
k=0

this is a power series with an infinite radius of convergence and hence smooth. Similarly,

for sinl(g||§|)’ we conclude

i€ C™(R;S(R™)).
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Remark 5.3. 5.2 gives the solution to Ou = f(t,x) via
u(t,z) = F1(at,€)). (5.3)

This formula implies the following regularity estimate, where for ¢ € H*(R"), ¢ €
H*~1(R"), we denote

1o ) e xca=1 = llpllers + 91 gra-1-

Proposition 5.4. 5.2 shows that for ug € H*,u; € H*™' and f € C(R;H*™1), the
solution given by 5.3 satisfies

ue C(R;HYR"))NCH(R; HHR™))
and for some C1,Cy > 0,

t
1(w; D)l o o1 < Chll(uo, wa)l| grascrrs—1 + Cz/o (7 ) o=

Remark 5.5. This shows that for uwgp € H?®, we have u(t,-) € H® but not better(no
regularization).

Remark 5.6. By density S(R™) c H*(R"), the formula 5.2 allows us to extend the
solution to a mild solution

ue  C(RyH*R™)) nCHR;H*HR")).
N—_————

—C(R;Cs(R") ) for s>2+1

Proof. For the proof, we recall Minkowski’s inequality: for F': 21 x Q9 — C measurable,

we have
1 1
P oN\# »
(/ /F(x,y)dy drc) S/ ( !F(x,y)!pdw) dy, forp>1.
Q1 1JQ2 Q2 951

Recall that
ullgs = [I<§)°all L2,

for (&) = (1 + ¢ |2)%7 multiplying the solution formula by (£)* and taking L?-norms, we
obtain using triangle inequality

[4€)* at, )1z < [[(€)* @o(&) cos(lglt)]|z + [1(€)°

+H<€>s/0f sin((t|g|7')|5|) (r. ) ClT‘ "

et sin(léln)]|

Notice that
[4)* @o(€) cos(lélt)ll = (&) a0(&)llzz = luollsrs-

Also, A
) # sinlelll 2 < 15 ma@ll e,
and ©°
~ s—1

which implies

|5 e

Hence the two homogeneous parts together contribute

o S luallzor

[ult, )as S lluollms + [luall a1

. ( [ e /0 sin((t — 7))

H f(r,8)dr

2\ 2
dg)
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By Minkowski inequality,

t
e, e < ot )l oo s + / ( /. %z 7 dg) ar

1
where fo (f]Rn e |f]2d§) “dr < fo Il f (7, )|l grs—1d7. Similar arguemnt holds for du. O

5.2. Solution Formula in n =1,2, 3.

Remark 5.7. We begin by noting that for ¢ € S(R™), the function

0 [ wesinlle)
at/R 5 a/ € cos(t]€]) p(€)de.

For the homogeneous wave equation

{attu —AAu=0

uli=0 = uo, Opuli=0 = u1
the solution is given in Fourier space by
R R sin(t|&]) .
i(1,6) = cos(tlein(©) + i (6),

Since the wave equation is linear, the solution can be constructed as the sum of two simpler
solutions:

solution with ug,u; #0 = solution with ug = 0,u; %0 + solution with ug # 0,u; = 0,

=A
then the solution equals A + 9; A modulo ug <> uq.

1D Case:
Remark 5.8. Recall that
in(t
sin(¢1) € L'(R).
€l
and its inverse Fourier transform is given by
sin (¢ [¢]) N

FUg @ = 5 xew®,

where

_ xr) =
X(=t,t) 0, otherwise.

For 4; € S(R), the product

sin‘(;\ﬂ) i1 (€)

is still an L'(R) function in &. Hence its inverse Fourier transform is

sin(t\ﬂ)
€]
1

= Q/RX(t’t) (z —y)ui(y)dy
-+t

—t
This implies the following formula for Cu = f in R; x R,.

1 ™

Zfl(f)] = — /5 (Xep *u1) (2)

a 5\ 2
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Theorem 5.9 (d’Alembert’s Formula). For up,u; € S(R) and f € C®(R;S(R)), the
unique classical solution to Ou = f is

1 1 [zt x+(t—T)
u(t,x):2(u0(x+t)+uo(x—t))+2/ y)dy + = // f(r,y)dydr.

Proof. The solution u, of the homogeneous problem

Dui = 0,
upli=o =0, Opupli=o =0,

is obtained from 5.4 and its time derivative. By linearity, the full solution is u = up + u;,
where u; solves the inhomogeneous problem

Dui = f7
uili=0 = 0,  Opuili—o = 0.

In view of 5.4, we know that

e [ (=)
(1, €) = /0 e g

which leads to

O

Remark 5.10. An alternate approach to solve Cu = f relies on the use of a fundamental
solution ug € D'(R; x R,). A possible choice is

wo(t,z) = %H(t _ o) H(t + ),

where H is the Heaviside function.

3D Case:

Remark 5.11. In n = 3, we cannot compute

directly, since F~! (%) is not a function but only a distribution in S'(R?).

Definition 5.12. To compute F ! <%), we denote the 3D-sphere of radius ¢ > 0
centered at € R3 by 0B;(x) such that
|0By ()| = 4mt>.
Lemma 5.13. It holds that
1 e~ ds(z) = Sin(f).
4m JaB, (0) I3

Proof. Note that the integral is radial in &, since for any rotation matrix R such that

RRT = id, we have
/ e R s (x) :/ e_iRT$'§ds(x).
9B1(0) dB1(0)
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Letting y = RTz, we get
/ e WEds(y).
0B1 (0)

Thus, it is sufficient to take y = (0,0, |£|) € R3, and the integral becomes

2T ™
S / e~ eIt eos Y gin Gdhd
47'(' 0 0

Evaluating this integral,
1 e—i\§| cosf

2 il

om0 I

= sin(lel)

Definition 5.14. Let f € S(R®), for ¢t > 0, the spherical average of f is

M) = g [ was)
= % fz —ty)ds(y).
T JoB1(0)

Remark 5.15. M, f extends to an even function in ¢ by taking the average over 0By (x)
for t < 0.

Lemma 5.16. For f € S(R?), the map t — M f € C*(R;S(R?)).

Proof. If f € S(R3), then for every nonnegative integer N there is a constant Cy > 0
such that

[fl@—ty)l < On(L+ |z —ty)™
On the unit sphere |y| = 1, we have |z — ty| = |z| for large |z|. Thus
|z —ty)] < Cy()(1 + |z))~7.
Integrating with respect to y € 9B1(0) yields
[Mif ()] < CR (A + [z,

Since f € S(R?), we can differentiate under the integral to find M;f € S(R3) for fixed t.
To see that M, f is smooth in ¢, fix x and y. Set z =z —ty. Then

fle—=(t+h)y) = f(z—hy).

By a first-order Taylor expansion around h = 0,
h2 1
flz—hy) = f(z) — h (y . Vf(z)) + 5 /0 (1-171) Za?7kf(z — Thy) (yjyr) dr.
7.k

Hence,

zZ— —Jz :
& h? &~ _yvre) + Z/O (1=7) ]Z;a?,kf@my) (v dr.

For h > 0 sufficiently small, we have
(%(f(x— (t+h)y) - f(x—ty)) — Vf(z—ty)- (—y))

Smax sup [0%f(z)||h| — 0, as|h|— 0.
‘O‘|:2 B|t+h‘(:c)
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Hence 0;(M.f) exists and is again a linear combination of integrals of the form Vf(-)
against the unit sphere, which remains in S(R3). Repeating this argument yields all
higher derivatives in ¢, showing

t = Mf € C®(R;S(R?)).
O

Theorem 5.17 (Kirchhoff’s formula). Let n =3 and f = 0. Then the unique solution to
5.1 in C®°(R) with ug,u; € S(R3) is given by:

1 a7 1
wen) =g [ weisw g (g [ w@asw)

Proof. As in the 1D case, it suffices to look at the case ug = 0.
3
(2m)2 F(tMy(ur) ) (€)

t .
= e_”cg/ ui(x — ty)ds(y)dx
A Jgs 8B1(0)
let z = x — ty,
t .
= — / / uy (2)e " ETWEds(y)dz
4T Jrs JoB, (0)
. t :
— 7’LZ-£d v flty-fd ]
(/RS “ (2)6 Z) ( 47 ~/€PB1(O) c S(y))
(2m) 8 2a1 (6) tein(tic)
Thus the distribution v; € S’(R?) is given by
1, sin(t .
= P g ©) -
in §'(R3), i.e.,
t

(v, ) p(x)ds(y), Vo€ SR?).

~Ant? Jos,(0)
O

2D Case: The case where x € R? can be obtained from the 3D situation using initial
data which do not depend on z3 (method of descent).

Remark 5.18. In particular, for ug = 0 and wu;(x) = w1 (21, x2) (but not z3), Kirchhoff’s
formula yields:

1 - 1 -
u(t,x) = ypn /|Zy|:|t| ui(y)ds(y) = o u1(y)ds(y).

lz—y|=|t|,ys—=3>0
The upper hemisphere can be parameterized by:

ys = o3+ /12 — (21, 22) — (1, v2) %, |(v1,92) — (z1,22)] < |¢].

Therefore,
t
ds = —| | dy,
V2 —lz =yl
and () ()
sen(t U
u(t, 1, 12) = g2 / %dy-
T Ja—yl<t) V= |z — Yy

9 1/ uo(y)
+o | = 2 _dy .
ot (” o<l VE— 7= YP

This solves Ou = 0 in 2D with u|;—¢ = up and u¢|—0 = u;.
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5.3. Energy Conservation and Domain of Dependence.

Theorem 5.19 (Energy Conservation). Let ug,u; € S(R™). Then the solution to 5.1 with
f =0 satisfies

B(t) = /n(ﬁtu)Q Ve = B(0), VteR.

Proof. For up,u; € S(R™), we have
u e C®(R,S(R"))
by 5.2 for which E(t) is well-defined. Moreover, 5.2 implies
[€la(t, €) = cos(tlE])|¢|ao + sin(¢[€])a,
and

oyu(t, &) = —sin(t|€])[€|to + cos(t|€]) .
Squaring these identities and adding them up gives

[€171a(t, )7 + |0t ) = [a1|* + [¢[*|aol
= [eP1a(0, ) + |9a(0, )
Integrating over £ € R™ and using Parseval’s identity gives the result.
O

Remark 5.20. An alternative approach is to differentiate E(t) with respect to time and
use the PDE.

Remark 5.21. The solution formula in n = 1, 2, 3 shows that [Ju = 0 has finite speed of
propagation in the sense that initial data at y € R™ only influence the solution at (t,x)
such that

lz—y| <t

Definition 5.22. More precisely,

(a) We say that P = (tg,z0) € R influences a future point Q = (¢,z) with ¢t > tg
if for every neighborhood © C R"™ of xg, there exist two solutions u,v to the
homogeneous wave equation such that

(u, Q) = (v, Opv)
on {to} x (R™\Q), but (u,du) # (v,0w) at Q = (t, ).
(b) The future domain of influence of P is the set of all @ which are influenced by P.

(c) The domain of dependence of @ € R*™ is the set of past points P which influence
Q.
Theorem 5.23. Consider Ou =0 on R™™ with n =1,2, 3.
e Ifn=1,2, then the domain of influence of a point (ty,zo) is the set:
{(t,x) : t > to, |z —x0| <t —to}
(forward light cone).
e Ifn =23, it is the set:
{(t,x) : t > to, |z — x| =t —to}.

Similarly, the domain of dependence of (t,x) is:

o Ifn=1,2,
{(to, o) : t < to, |z — 20| <t —to}.
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o Ifn=23,
{(to,:t()) it S to, ’.CI? —iL'o’ =t — to}.

Proof. Without loss of generality, let {9 = 0. For n = 1,2, the domain of influence follows
from the solution formula, since if

supp (ug,u1) C Br(xo),
then

supp (u(t, -), Opu(t, )) C{z € R": 3y € Br(xp),|x —y| <t}
for t > 0. Hence, if we choose ug =0 and uq > 0 on m, then
supp u(t,-) = {x € R" : 3y € Br(xo) with |z — y| < t}.
Letting R — 0 yields the result.

For n = 3, the solution formula involves integrals over spheres (not balls). Repeating the
same argument yields the result with |z — y| = ¢. This is known as Huygens’ Principle. O

5.4. Extension of Solution Formulas.

Lemma 5.24. Using finite speed of propagation, we can extend the solution functions in
n =1,2,3 to initial data ug,u; € C°(Q), which are not necessarily decaying.

Proof. Given ¢ € C3°(R"), with ¢ > 0 and such that ¢ # 0 on [0,1]", we construct a
family {¢a}aczn C C5P(R™) via

pa(r) = @z — )
and set

) = Vo)
Yolt) = @)

Here, the sum only involves finitely many terms at each given x € R™. Moreover,

Supp @Yo = supp ¢ + a,

> dhalz) =1.
up =Y tuola, U1 =Y 1t

which allows us to solve Ou = 0 for ug, u; € C*°(R"™) by adding up solutions corresponding
to initial data wgta, u1the € C*°(R™). Due to finite speed of propagation, this sum will
only involve finitely many terms at every x € R", yielding a solution u(t, z) € C*°(R"*1).

O

and

Thus, we write

Lemma 5.25. Letn = 1 and ug € C%(R),u; € C'(R). Then, d’Alembert’s formula yields

a solution u € C*(R*1) to
Cu = 0,
ult=0 = uo, Opult=o = u1.

Proof. Follows from the transformation (z,t) — (£,7n), where £ = x+t, n = x —t, in which
case [ becomes %;7. O

Remark 5.26. For n = 3, however, we have a loss of regularity, since Kirchhoff’s formula
only involves integrals over 2D-spheres.
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Proposition 5.27. Let n = 3 and ug € C*R3), uy € CFY(R?) with k > 3. Then
Kirchhoff’s formula yields a solution

u e C*HRM?)

Ou = 0,
Uli=0 = uo, Oruli=o = u;.

Proof. Follows by a change of variables such that

;(;ﬂt [ uo<y>ds<y>>
T—y|=t
é% <4;_/£7“uo($-+ty)d8(y)>

and differentiate under the integral sign. O

to

Remark 5.28. Recall that this loss of regularity is not present if we use H*-estimates.
Question: What about uniqueness in such cases? This follows by using a localized version
of the energy conservation.

Proposition 5.29. Let Br(0) C R™™! for some R > 0 and

I'={(t,z):|z| < R—t}.
Assume that u € C%(T) is a solution to Ju = 0 such that (u, Oyu) = 0 inside {0} x Br(0) C
R, Then u(t,z) =0 in T.

Proof. To prove this result, recall that for F' € C(Q,R"),

/didea::/ F-vds,
Q o0

where v is the outer unit normal vector. Using the product rule with v € C1(Q;R),
div(vF) = Vo - F 4 vdivF.

Thus, we get the multidimensional integration by parts

/div(vF)dw——/Vv-Fda:—i—/ vF - vds.
Q Q o0

Without loss of generality, let t > 0 and let v(z) = % be the outer unit normal vector
of Br_4(0) C R'*". Define
1

e(t) = / (O)? + |V da.
2 Jjz|<r—t

For 0 <t < R, Reynolds transport theorem yields

d
—e(t) = / 8,5'& &gtu + Vu - Vatu dzx.
dt | <Rt

1

—/ (O)? + |Vul? ds.
2 Jiz|=R—t

Recall the integrating by parts result above

/Vv-Fdx:—/div(vF)dw—i—/ vF - vds.
Q Q o0
Let v = Osu, and F = Vu, we have

/ Vu - Voudx = — / Opu O + / oruVu - vds
£ |z|[<R—t |z|=R—t
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Hence,

1
ie(t) = —/ (Opu)? + |Vul? — 20,uVu - vds
dt 2 Jiz|=R—t

Since 2|0;uVu - v| < |[Qul|* + |[Vul?, and |v| = 1, we obtain é(¢) < 0. Moreover, e(0) = 0
by assumption, so e(t) = 0 for all ¢ > 0, implying

Owu(t,-) =0, Vu(t,-)=0, Vt>D0.
Thus, u(t, x) is a constant, and since it is zero at ¢ = 0, we conclude u(t,z) = 0. O
Remark 5.30. This yields uniqueness by applying this result to w = u; — w2, such that

Uuq o = 0 and
(u1,0pu1) = (ug, Opug) at t = 0.
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6. THE P0OISSON EQUATION
Motivation: Gauss’s law of electrostatics states that
divE = p
where p is the charge density. Since curl E = 0, E can be written as the gradient of some
potential

E = —Vo.

Hence, we have the Poisson equation:
—Ayp =p.

6.1. Fundamental Solution. Let Q C R™ be a bounded domain with 9Q € C!. Consider
the Dirichlet boundary problem

—Au = f in €,
U =g on Of).

We want the fundamental solution wug satisfying
—Aug = dp.
Taking the Fourier transform of —Aug = dg yields |£]? ug(€) = (277)7%, hence
WE) = ——5— for £ £0
(2m)2 |2
which is radial. Hence, we make the ansatz ug = t(r), where |z| = 7 = /2% 4 - -- + 22.Then

oY Y. Ty
81‘1' a (T)7,

2
%

X

%y _
or?

(2

W"(r)

)
Thus,

R ) Dk TIE) 3 Gy

=1 i=1 " 7“3
-1
="(r) + "T W'(r), forr > 0.
Notice that Aug = 0 implies the ODE
-1
W)+ () = 0 = (") = o

Integrating yields

r Ly (r) = C).
So we have ¢'(r) = Cyr =" for n > 2, C; € R. A second integration gives
Colnr+Cs, n=2,

Y(r) =
Cor> "+ C3, n>3.

Recall that for n = 1, we already knows ug(z) = %|z|.

Theorem 6.1. The locally integrable function ug € D'(R™) defined by

1
— Inlz|, n=2,
2

ug(x) = 2-n
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where

n 7rn/2
r(%+1)
satisfies Aug = dp in the sense of distributions.

Sn =

Proof. To check ug € L (R™), let K C R™ be compact. Since ug is radial, for n > 2:

[ @)l e = /0R|¢(r)|r"_1dr <

Let ¢ € D(R") be any test function, then A € D(R"™), and the support of ug Ay is
contained in some compact set K. Since

/ upApdx /qugo dx
n K

we have ug Ap € L{ (R"™). Hence,

loc
/ Apugdr = lim/ upAp dx
n e—0 QE

where Q. = R™ \ B.(0). It remains to show

< ||Ag||L / lup(z)| dz < oo,
K

lim [ wyApdr = p(0), Ve e DR").
e—0 Qe

Using integration by parts twice yields
/ ug Apdr = / (Aug) pdx + / (uo (Vo-v) — ¢ (Vug - l/)) ds,
c c 0B:(0)

where v = _|:ch is the outward normal on 9B.(0). Since Aug = 0 in 2, the first term
vanishes. We estimate

/ UO(V(p'V>dS‘ < |IVellree|uo(€)||0Bs] — 0 ase—0
0B¢

where |0B.| = ¢"71S,,. Notice that

Vuo'yz%(e)l'(—i>

|| ||

(€)-

_duo
dr

Therefore, the final integral equals

—/ o(Vug -v)ds = / cp% ds
OB- oB. Or
. 6UQ

=5 /835 o(z) ds.

By the mean value theorem, 3z. € dB.(0) such that

/ () ds = p()|0B, .
0B

Then,
8U0 - 3UO
B /BBE o(x)ds = W@(%)\@Bg\
_ auo n—1
=5 o(ze)e Sy,

One checks that
1 _
aUO(E):{QWa, n—2

1 1-n 1’L23
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Hence .
[ o(Vugv)ds = gl get e,
0B Sn

=p(z:) = ¢(0) ase—0.

Corollary 6.2. For any f € D(R"), the function
(uo * f) € C*(R")
is a smooth solution to Au = f on R™.
Question 6.3. How to take into account boundary conditions?

Definition 6.4. The Green’s function (of 1°* kind) is given by

G(@,y) = uo(lz —yl) — ha(y)
for z,y € Q, x # y where

Ayhx =0 on Q,
he(y) = uo(jz —y|) Yy € 9.

Hence

AyG(z,) =0, onQ,
G(z,-)=0 on 0f.

Theorem 6.5 (Representation formula). Let f,g € C(Q), and u € C*(Q) be a classical
solution to

Au=f onQ
u=g on 01,
then u is given by
8G
u(w) = | O )+ [ G (6.1)
o0 v
—VG’V

for x € Q.

Proof. For x € Q, let Q. = Q\ B.(xz). The boundary 952 consists of 9 plus the small
sphere 0B (x). Integration by parts (twice) yields

/ uo(|z — yl) Au(y) dy

€

- / u(y) Ayuo(|z — ) dy
—_————

=0 on Q¢

ou Oug ou Oug

—u(z) as e—0, similar to the previous proof

Therefore,

@) = [ walle o) Auwydy — [ (g —u ) as. 1)

Since ug(|z — y|) does not vanish on 0f2, we introduce hy. Since Ahy = 0 on Q, by
integration by parts

Ohy ou
—— [ushody=— [ (a2 0,2 as— [ noa 2
0 /Quhdy /39<U8V hay>ds /Qh udy (2)



50 XIAOTONG (DAWSON) YANG

By adding (1) and (2), we have

ww) = [ (o=t dudy = [ [0 = ho) 5w (wa = )] s

On 092 one has G(x,y) = 0 and u(y) = g(y). So the boundary integral simplifies, yielding

/Gmy @+/g@§%wmw)

6.2. Green’s function for balls and the half-plane. In general, it is difficult to obtain
G, except in some simple geometries.

Theorem 6.6. Let g € S(R") and denote K (z,y) = = <I2+ ) then with x € R,y > 0,

u(z,y) = (K(,y)*g) (x)

1
:/ ZM@)ZMO
T Jr (z—20)* +y
is a smooth solution u € C*°(R x (0,00)) to the Dirichlet problem on the half-space, i.e.,

Au=0 on R x (0,00)
u(-,0) =g on R x {0}.

Moreover, u takes on its boundary condition in a continuous way.

Proof. The formula itself follows by using a partial Fourier transform, see homework. O

Remark 6.7. Moreover, for g € S(f2), taking the fourier transform of the boundary
condition yields

(€, y) = g(&)e Vel

Therefore, taking inverse fourier transform,

otean) ~ g(o)l = | = [ ea@e e - - [ eergiera

e (e —ylél _ 1)d§‘

e

< 2W/\g e~ — 1] dg

Since |e ¥¥l — 1| < 2, using Dominated Convergence theorem,

lim |u(z,y) — g(x)| = 0.
y—0

Hence u takes on boundary condition continuously.

Remark 6.8. Since for y > 0,
1 Yy
s < — (o) _— d < ()(),
)| < ol [ Yo

we see that the solution formula extends to g € C(R) N L>°(R) which yields a classical
solution u € C%(R x (0,00) ). (This remark requires a different proof!)



NOTES ON CLASSICAL METHODS OF PARTIAL DIFFERENTIAL EQUATIONS 51

Definition 6.9. The function Ky (x,y, o) is called the Poisson kernel on the half plane.

It can be seen to be equal to:

oGn oGn
o oy

1 y

o (x—m0)2 + 92’

I?H(xvyax()) = - (xay7x070)

where

1
Gu(z,y,20,%) = P [In((z—20)*+ (y—w0)*) —In((z — 20)> — (y + %0)*) ]
which makes the theorem above a special case of the representation formula (6.1) with

f=0.

Remark 6.10. The Green’s function Gy is obtained using the "method of images”. Take
the 2D fundamental solution

1 1
u(z,y) = gln(\/ r? 4 y?) = Eln(xQ +9°)

Then, for y > 0, we have

GH(xayJ $an0) = T(xo,yo)uo(‘r7y) _T(Jfo,*yo)u(w?y) .
—_—— — —_———
fundamental sol. with singularity at (zo,y0) ha(y)

Then,
AG = 0z, on R x (0,00), such that G = 0 on x-axis.

A second important situation is the case where 2 = Br(0) C R" for some R > 0, with
n > 3.
Definition 6.11. For z € Bg(0), the reflection of = through 0Bg(0) is defined by
R2
T = E x

For z,y € Br(0), x # y the Green’s function in the ball is

wo(le = yl) — o Y[ —7]), y#o0.

Gp(z,y) =
u0(|x—y|) — up(R), y = 0.

Notice that for y # 0,

lyl o Pl
z -7 =

R o TR 2wy,

which implies

Gr(e.y) = wo( VP 2~ 2w-y) — o\ R 22 y), y 0.

One checks that Gg(z,y) = Gp(y,z) and Gp(x,y) < 0 for all z,y € Br(0). Alength
computation shows

0Gp
ov

Y
= VyGB E
B R%z
RSN |z —y[

== KB (‘T’ y)
which is the Poisson kernel of balls.
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Theorem 6.12 (Poisson formula for balls). Let g € C(0Br(0)). Then
R? — |af? / 9(v)
0

dsS(y 6.2
RSy Br(0) |7 —y[" ) (6.2)

u(x) =

defines a classical solution u € C*(Bg(0)) N C(Bg(0)) to
Au = 0, on Q= Bg(0),
u =g, on OBR(0).

Proof. Proof that 6.2 solves the PDE with the boundary condition on Br(0) follows from

the representartion formula 6.1. To show that u takes on g continuously, let xg € OBRr(x0)
and € > 0. Since g is continuous, 36 > 0 such that

€

[y — 2ol < 0= [g(y) — g(z0)| < 5

Now consider x € Br(0) such that |z — zg| < % Observe that our Poisson kernel satisfies

/ Kp(z,y)dS(y) = 1.
0BRr(0)

Therefore, we have

u(z) = g(zo)| =

/ Kp(z, y)(g(y) — 9(0)) dS(y)
OBR(x0)

S/ly_%|<6\KB(w,y)\\g(y)—g(xo)\dSJr/ \Kp(z,y)|lg(y) — g(z0)| dS

ly—zo|>d
€ R? — |z|? as
<Se2sw o) T -
2 .coBn RSN Jiy—ao|>s |z —y|™
The last integral is finite since

1)
\xfylzly*$0!*|$0*$125-

For |z — 20| — 0, we find R? — |z|?> — 0 since 29 € dBg(z0), and hence
e €
lu(z) — g(wo)| < ;T3 =€
for |z — x| sufficiently small. 0

Corollary 6.13. Let Q be open and bounded, u be harmonic, i.e., Au = 0 in Q. Then
ue C®(Q).

Proof. For Q = Bpg(0), this follows from 6.2 since Kp(z,y) is C* in x € Bpg(xg) for
y € OBRr(zp). For general open Q, let x € Q then IBgr(z) C Q such that u € C™ at
x € Q. O

Remark 6.14. By Poisson’s formula, for v € C?(Bg(0)),

R® — |a] / u(y)
(@) Rwn  Jopg(o) |z —yl" )

Then, at x =0,

R u(y) 1 /
u(0) = — —=dS(y) = udS
(©) Sn JoBro) lyI" @) SpR™1 Jop,

which is the average over sphere.
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6.3. Properties of harmonic functions.

Theorem 6.15 (Mean Value Property). Let 2 C R™ be open and u € C?(2) be harmonic.
Then VR > 0 and x € Q such that Br(xz) C it holds

1
) = M) = g |ty asty)

~~

average over sphere

Moreover, if u> 0 or u <0 resp., then u(z) < Mg(x) or u(x) > Mg(x).

Proof. Let xp € Q and r = |x — z9|. By Gauss’s Theorem, for v with Au = 0 we have

0 :/ Audzx :/ Vu - vdS.
By (z0) OBr(x0)

Parametrizing 9B, (x¢) via w = @ shows

/ Vu-vdS = r"_1/ @(xo—i-rw)dw = 0.
8B (x0) lwl=1 O

Next, integrate in r from 0 to R and swap the integrals

L
0 = / / — (20 + rw)drdw
jwl=1J0 or (70 )

= / . u(zog + Rw) — u(xo)dw.

Subsitute w with @ = Rw, thus |@| = R and dw = i—rdw, yielding

=T
0= 1_1 / u(zo + w)dw — u(zg) / dw
R Jig=r |1
1
= nl/ u(y)dS(y) — u(xo) Sn.
R 9B (z0)
Hence .
ulxo) = G pn-T u(y)dS(y).
( ) SNRn 1 /8BR(10) ( ) ( )
Similarly for the cases Au > 0 or Au < 0. 0

Remark 6.16. For n = 1: v” = 0 yields u(z) = ax + b, for a,b € R. Take an interval

I = [z1, 9] C R, then
1 1
u <$1 —;az2> = §u(af1) + iu(a:g) )

-

value at midpoint average over boundary

Theorem 6.17 (Maximum Principle). Let Q C R™ be a bounded, connected, open set,
and let u € C*(Q) N C(Q) satisfy Au >0 in Q (or Au <0 in Q, respectively). Then

(a) If there ezists a point xo € § such that

u(zp) = maxu <0r u(zg) = minu) ,
Q Q

then u s constant on €.

(b) The mazimum (or minimum) of u is attained on the boundary:
Supu = supu <0r infu = infu) .
Q a0 Q o0

Remark 6.18. Connected means that {2 cannot be written as the disjoint union of two
nonempty open sets.
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Remark 6.19. (a) is called the strong maximum principle, while (b) is called the weak
maximum principle.

Proof. (a) Let M = u(xg) = supqu(z) and 0 < r < dist(zp,02). By the mean value
property and the fact u < M,

Hence, u = M on B, (xg).

The set A = {z € Q : u(z) = M} is open, since by the argument above, for any = € A,
Ir > 0 such that B,(z) C A with w = M on B,(x).

Moreover, A is the preimage of {M} under u € C(2) Hence A is closed. Then B = A€ is
open, and since A # ), and Q is connected, we conclude that B = () and thus A = Q.

(b) Follows from (a), since if u takes on its sup inside € (hence maximum by continuity)
= u = constant. Similarly for inf w. a

Corollary 6.20 (Uniqueness). Let ui,us € C%(Q) N C(Q) be solutions to

Au=0 on
u =g on 0f),

then w1 = ug on €.

Proposition 6.21 (Harnack’s inequality). Let u € C%(Q) be harmonic and non-negative.
Let Q1 C Q be a bounded open subset such that Q1 C 2. Then there exists C1 = C(21) > 0
such that

supu(z) < Cy inf u(x)
Ql Q1

Remark 6.22. Note that C; does not depend on u! Hence, non-negative harmonic
functions cannot oscillate too much on bounded sets.

Proof. (sketch) Let R > 0 and Bg(0) C Q. Then by Poisson’s formula, one finds:
R"2(R — |z|) R"2(R + |z|)
~m s wW0) Suz) < ————==7u(0)
(R + [z))"! (R — Jz|)"!
for |x| < R. (exercise!) Take r > 0 such that B,(0) C ©Q. Then 3R > r such that the
inequality above holds. Then,

n—2
s aw) < ZEED o)~ Guugo)
2€B,(0)CBr(0) (R—mr)"
and R-2(R )
n— —r N
f S BTI(R—) _
xelélr(o)u(:n) Z R+ u(0) = Cou(0)

Combining these two yields

0 .
sup u(zr) < = inf wu(x).
€ B, (0) (@) Cy z€B-(0) (=)

Since Q; is compact, we can cover it with finitely many balls to obtain the result. O

Remark 6.23. Poisson’s formula can also be used to show that a bounded harmonic
function defined on all of R™ must be constant (Liouville’s Theorem).
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7. WEAK SOLUTIONS TO ErLipTic PDES
Let © C R™ be bounded and connected, with 9Q € C'. We consider

L(z,V)u=f on{
(*) {u =0 on 0% (7.1)
where L(z,V)u = —div(A(z)Vu) + b(z) - Vu + c(z)u. Then A(z) = (ai;(z) )1<i7j<n,

b= (bi(z) )1<i<n, such that a;j,b;,c € L>(Q) for all i,j = 1,...,n, and f € L?().
In addition, we assume that A(zx) is symmetric and uniformly elliptic, i.e., 3o > 0 s.t.
y"A(z)y > aly® VyeR", z€Q.

Remark 7.1. For discontinuous coefficients a;;, b;, ¢, there may not be a classical C?-
solution of 7.1. In general, we need a more general framework (weak solutions), elements
of Sobolev spaces.

7.1. Sobolev Spaces (an introduction).
Definition 7.2. Let 2 C R™ be open. Then
H*(Q) := {u e L*(Q) : 9% € L*(Q) V|| < k},
where 0%u denotes the weak (or distributional) derivative, i.e.,
(0%u, ) = (=1)1"N(u,0%0) Vi € D(Q).
Remark 7.3. The alternative notation is H*(Q2) = W2(Q).

Definition 7.4. Clearly, H* () is a vector space and we endow it with the inner product:
(U, V) e 1= Z (0%, 0“v) 12(q),
|| <k
and corresponding norm
[ull e =/ u, w) e

We also set H°(Q2) = L2(Q).
Definition 7.5. Let 2 C R” be open, and define

H§() = D=(@) ",
i.e., the closure of C$°(§2) with respect to the H*-norm.

Proposition 7.6. H*(Q) and HE(Q) are Hilbert spaces.

Proof. To show that H* is complete, let (u;);en C H*(2) be a Cauchy sequence. Since
gl = Y 110%us132,
|| <k
all (0%u;);en are Cauchy in L?(£2). Since L?(Q) is complete, there exists u, € L*() such
that as j — oo,
|0%u; — ual|p2 — 0.
Denote the zeroth derivative u g, . o) = uo, then we need to show that 0%ug = Uq. Indeed,
for p € D(Q),
(Ua, )2 = (lim 0%uj, )2
J—00
= lim (0%uj, ¢) 12
j—00

since (-, ) is continuous on L?. By definition of the weak derivative,

lim (0%uj, @) 2 = (—1)‘a|<ujaaa80>L2
j—o0

lim
j—00
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= (=Dl lim w;,0%) 2

Jj—00
= (=) ug, 0*¢) 2.
Hence, 0%ug = u,, for all |a| < k.
HE(Q) is complete. HE(S) is a closed subspace of H¥(2) and hence complete. O
Remark 7.7. Note that H*(Q) ¢ H*"1(Q) such that and the identity map id : H* —
H*1 is continuous.
Example 7.8. Consider the following examples:

(a) Let @ = (—1,1) € R and u(z) = 3|z| is in H*(—1,1), since we already know that
u' = H(x), the Heaviside function. Thus,

u e H'Y((—-1,1)).
However, u ¢ H?((—1,1)), since v”(z) = do.

(b) Let z € R® and u(z) = In(|z|) for z # 0. Then u € H'( B1(0) ), as one can check
using spherical coordinates.

Remark 7.9. One can show that for @ C R™ bounded and open, C*°(Q2) is dense in
H*(Q). (Lieb-Loss “Analyssis”).

Remark 7.10. Elements in H¥(Q) are equivalence classes of functions. In particular, if
u=wv in H¥(Q), then u(z) = v(x) for all x € Q\N, where meas(N) = 0.

Question 7.11. We would like to make sense of
HE(Q) :={u e H*(Q) : u=0 on 9Q}.
How shall we define this notion?

Theorem 7.12 (Trace of Sobolev Functions). Let Q C R™ be open and bounded such that
00 € C'. Then there exists a bounded linear operator

T:HY Q) — L*(09)
called the trace operator, such that for all u € H(Q) N C(Q), we have
Tu = u|pq.
Proof. Let u € HY(Q2) N C(Q). Let z9 € 0Q. Assume we have “straightened” 9Q near z
so that 9Q becomes “C” {z;,, = 0} as shown in the figure below.
Let r > 0 and choose 1 € C§°(By,(r)) such that 0 <7 <1, and n = 1 on By, (
I'=0QN By, (r), By = By (r)N{x, > 0}.

ey = [ uds < | i ds.
I B+ﬂ{xn:0}

Because suppn C By, (r),

5). Denote

Then

/ nu*ds = / nu’ds.
ﬁﬂ{xnzo} 8B+

By the divergence theorem

0

2 2
nu-ds = — nu”) dx
/63+ B, 3%( )

on ou

2

=— +2

/B+ (u oxy, nu(‘)xn> d
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FI1GURE 1. “Straightened” 0f) near xg

g‘a" [ owte sl [ ol da
8l'n oo J By By 85[?”
————
<luf+| 52
2
<C <u2+ Ju )dx
B+ 83777,
< Cllullfq-

Since 99 € CU, for each xy € 0N there exists an open neighborhood where 9§ can be
straightened. Since 0f) is compact, it can be covered by finitely many such small open
neighborhoods. Thus we can find Cq > § such that u € C1(Q) yields

||U‘BQH%2(BQ) < CQHUH%{l(Q)'

Since C1(9) is dense in H'(Q) by standard functional analysis, we conclude that
T HY(Q) — L*(09)

such that Tu = u|gq for u € C1(Q). 0
Remark 7.13. Let u € H(Q). Then there exists a sequence (u;); C C§°(£2) such that
u; — win HY(Q). If Tu; = uj‘aﬂ = 0 for each j, then Tu; — Tu in L?*(992). Hence
Tu =0 in L?(0R) if and only if uj‘aQ — 0 in L?(0Q).
Remark 7.14. If u € HY(Q) and Tu = 0, then u € H} (). Consequently,

Hy(Q) = {ue H(Q): Tu=0}.

Corollary 7.15. One can generalize the Divergence Theorem as the following. Let  C R™
be open, bounded with 0Q € C. Let w = (uy,...,u,) € HY(Q) and v € H'(Q). Then,

/vdiv(u)dx:—/u-Vvdm—i—/ (Tw-7)Tvds,
Q Q

o0
where Tu € L2(0S2), Tv € L*(09).

Theorem 7.16 (Poincaré Inequality). Let 2 C R™ be open and bounded with 0Q € C*.
Then there exists Cp > 0 such that

lullr2) < CpllVullr2@), Yu € Hy(9).
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Proof. Let u € C§°(€2). Since Q is bounded, 3L > 0 such that Q C (=L, L)" C R™. Then,
by the chain rule

0 0
2 _ 2 2
”UHL2(Q) = /Q o1 (z1u”) do — Q3131(97x1(u ) dx.

By the Divergence Theorem

0
||UH%Z’(Q) :/ $1V1u2d$—2/x1uau dz.
a0 O

I

The first integral equals to zero since u € C§°(£2). Then,

ou
o) < 2Ll | g | -
HenCev
ou
lull 20y §2LH8 '
% LZ(Q)

< 2L||Vul|r2(q)-
Let u € H}(Q), then 3(u;)j>1 € C5°(Q) such that u; — u in H*(Q), then we have
lujll L2 = llull 2,

and

IVugllp2 = [Vl 2.
where ||u;]|2, < 2L||Vu;||3,,Vj > 1. Hence,

lullg2 < 2L[[Vul| 2.

Corollary 7.17. Let u € HE(Q) for Q open and bounded with 9 € C*. Then,
[ullFri ) = lullZ2) + I Vullizq) < (Ch + D)[IVul?2q),
and,
IVull 2y < llull o)
So, on H}(SY), the norms || - 1) and |V - [|2(q) are equivalent.
Definition 7.18. Let Q C R™ be open and k € N. Then, denote the dual of H}(Q2) as
H*Q)={u: H¥(Q) - R linear and continuous}
and its norm

[ull -1y = sup Ju(p)]-
HWHH(I)WQ):l

Remark 7.19. Note that « € H~%(Q) is a distribution, and we use
u(p) = (u, ) forue HMQ), ¢ € Hy ().

In addition,
D(Q)H*(Q) c L*(Q) c H*(Q) c H*(Q) c D'(Q).
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7.2. Existence of Weak Solutions. Consider the boundary value problem with homo-
geneous Dirichlet boundary conditions:

{—div(A(x)Vu) +b(z)  Vu+e(z)u= f(z) inQCR", (72)

u=20 on Of).

For u € C?(Q) N C(Q), we can multiply the PDE by a test function v € C§°(Q2) and
integrate

/(Vu~AVv+b-Vuv+cuv)da::/fvd:c.
Q Q

Define
a(u,v) = / Vu-AVv+b-Vuv + cuvdx

Q
Fv) = / fvdz.
Q
Definition 7.20. We define

(a) The identity a(u,v) = F(v) for all v € H}(2) solved for u € H}() is called the
weak formulation of 7.2.

(b) A function u € Hg(Q) is called a weak solution of 7.2 if
a(u,v) = F(v), Yov & H}(Q).

Remark 7.21. If u € C?(Q) N C(Q) is a classical solution of 7.2, then u is also a weak
solution of 7.2.

Remark 7.22. Conversely, if a weak solution u is such that u € C?(2) N C(Q), then for
v € C§°(R) dense in H}(2), we integrate by parts in a(u,v) = F(v)to obtain

/ (— div(A(x)Vu) + b(z) - Vu+ c(z)u — f(x) )v dx =0
Q
Yo € C§°(£2), which implies

—div(A(z)Vu) + b(z) - Vu + c(z)u = f(z)
almost everywhere in Q.

In the easiest case A(z) = Id, b(x) = 0, ¢(z) = 1, then a(u,v) = F(v) is equivalent
to

/Vu-Vv—l—uvdm:/fvdx, Vo € Hy (),
Q Q
where [, Vu - Vv +uvdz = (u,v) 1)

Theorem 7.23 (Riesz’s representation theorem). Let H be a Hilbert space and F € H' a
linear continuous functional, then there exists a unique u € H such that

(u,v)g = F(v), Yve H.
Moreover,
1E ) = [z
Corollary 7.24. Let f € L*(Q), then there exists a weak solution u € H} () to the case
where A(zx) = Id, b(x) =0, c(x) =1, i.e.

—Au+u=f on§,
u=20 on 0f2.
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Proof. Notice that
[F@)l < [ fllz2llvllez < [ fllczlloll g
Hence,
FeH Q)= (H}).

Then Riesz’s representation theorem applies. O

Corollary 7.25. Let f € L*(Q), then there exists a unique weak solution u € HE(Q) of
—Au = f on Q such that Tu =0 on 0f).

Proof. The expression a(u,v) = (Vu,Vv)r2 defines an inner product on H{ (), and
Poincaré’s inequality implies that H&(Q) is complete under the induced norm

”uHL2 =V <vu? VU>L2'
Riesz’s representation theorem applies to yield a unique u € H}(£2) such that (Vu, V)2 =
F(v), for all v € H}(Q). O

Remark 7.26. Here we have used that ||Vul||z2 = 0, then w is constant, hence u = 0 since
u € H(9). This is used to show the positive-definiteness of the inner product a(u,v).

Definition 7.27. Let H be a Hilbert space and let a : H x H — R be a bilinear form.
Then

(a) a is continuous if there exists K7 > 0 such that

la(u,v)| < Killullallvls Vuv € H.

(b) a is coercive if there exists Ky > 0 such that
a(u,u) > Kol|ul|? Vue H.
Theorem 7.28 (Lax-Milgram Lemma). Let a : H x H — R be bilinear, continuous and
coercive, and let F € H'. Then there ewists a unique w € H such that
a(u,v) = F(v) Yv € H,
and

1
el < Ze 1l

Proof. Let w € H, then a(w,-) : H — R is linear and continuous. Hence, a(w, ) € H'.
Riesz representation theorem implies that there exists a unique S(w) € H such that

(S(w),v) = a(w,v) Vve H.
Moreover, by Riesz’s representation theorem
1S(w)lle = lla(w,-)|la
and by continuity of a,

alw, v
la(w,-)||n = sup latw, o)) Ki|wlla.
v#£0 |U||H

This yields a linear, continuous map S : H — H, and we want to show it can be inverted.
If so, then we are done, since if g € H is the unique solution to (g,v) = F(v), Yv € H,
then

a(Sfl(g),v) = (g,v) = F(v) Yve€H,

i.e., u = S7!(g) is the desired solution.

To show that there exists a linear, continuous S~—!, we first prove:

Step 1: S is injective.



NOTES ON CLASSICAL METHODS OF PARTIAL DIFFERENTIAL EQUATIONS 61

By coercivity of a, Vu € H
Fo|lull® < au, u) = (S(u), u) < [|S(u)][[u]

yields

Ka|lull < [|S(w)]]-
Hence S(u) = 0 implies u = 0, so S is injective. We can define S~! : ran S — H, which is
linear and continuous, since

1
||S_1(v)|| < EHUH Yv € ran S.

Step 2: ran(S) is closed.

Let (vy,)n C ran(S) such that lim, o v, = v. Then Ju,, € H with v, = S(u,). By the
coercivity estimate from step one, (up)n>1 is Cauchy, and H is complete, hence (uy)n>1
converges in H to some w. Then by continuity of S, as k — oo,

S(un) = S(w).

Hence,

v = 8(w) € ran(S).
Step 3: ran(S) = H.
Assume by contradiction that ran(S) # H. Then since ran(S) is closed,

H = ran(S) @ (ran(S))*,
with (ran(S))* # {0}. Let z € (ran(S))*, 2z # 0. Then
(S(v),z) =0 VYveH.

By the definition of .S,
0=(S(2),2) = alz,2) > K2
yields z = 0. Contradiction. Hence ran(S) = H. Thus, S : H — H is invertible.

Step 4: Uniqueness.

Let uq,us € H be two solutions to
a(u,v) = F(v) Vve H.
Then
a(u; —ug,v) =0 Yve H.
Taking v = u; — ug, we obtain
Ksl|luy — qu2 < a(uy — ug,uy — ug) = 0.

Hence, u; = us. O

Lemma 7.29 (Young’s Inequality). Let z,y > 0, § > 0, and p,q € (0,00) such that
Lyl —1 Then
p ' q \
) d v
xy < —af + —pyq.
p q

Proof. We find for «, 8 > 0,
045 _ 6lnoz—i—lnﬁ

1 1
= exp<flnap+ flnﬂq)
p q
By convexity of x — e,
elnap + lelnﬁq

1 1 1
exp(flnap—kflnﬁq) < -
p q p
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1

1
= —af + g%
p q

Taking o = ¢ %:z:, 8= 57%y yields the desired inequality. a

Theorem 7.30. Let a;; € L®(2),b; € L>®(Q), c € L™(), and A = (aij);,; be symmetric
and uniformly elliptic. Assume further that c(z) > co > 0, Vo € Q, and f € L*().
Moreover, assume either

(i) b= (b;) =0, and co =0, or
(ii) 4aco > b, where by = ||b|| L, and a is the ellipticity constant.
Then there exists a unique weak solution u € H} () to

a(u,v) = F(v) Yo € HLQ),

satisfying
ull gy < Cllfll 2,
where
1+ Cp?
0=
0
& e

where Cp > 0 is the Poincaré constant.

Proof. We need to show that
a(u,v) = / Vu - AVo + (b- Vu)v + cuv dx
Q

satisfies the conditions of the Lax-Milgram Lemma.
For continuity, we estimate
|a(u, v)| < |Vul[2]| Al [Vl 2 + (bl 2o + [lellzoe) [ull g [[0]] 22
< Killull g l[oll g
For coercivity, by uniform ellipticity of A,

a(u,u) > / aVu - Vu — bolu||Vu| 4 cou? dz.
Q

Apply Young’s inequality for y = |Vu| and x = |ul, with p = g = 2, yields

> — — )|Vul* + — = .
a(u,u) /(a o%; )\ ul (00 260 )u dx
Therefore

(i) If b=0,¢9 > 0, we set bg = 0,cp = 0, hence
a(u,u) > a/ \Vul|? dx.
Q

(ii) If 4acy > bo?, we choose 6 = Qb%, to obtain

a(u,u) > cl/ |Vu|? de
Q

with
L

> 0.
4co

Cl =« —
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By Poincaré inequality, || - ||z1 =~ ||V - || 12, hence:

a(u,u) > K7,

with .
Ko=——.
2T 1+0)
Thus, Lax-Milgram applies to yield a unique weak solution u € H&(Q) O

Remark 7.31. HUHHS < C|| flz2 shows continuous dependence of u on f.

7.3. Extensions and Variations.

7.3.1. More general right-hand sides: The theory directly applies to distributions f €
H~1(9), since
F(v) = (f,v)
which is the duality bracket between H~! and H} (). Therefore, we have
[F )] < [[flla-1llvll 2
yielding
[E = < 1 f 1l =
which allows us to apply Lax—Milgram lemma.

7.3.2. Inhomogeneous Dirichlet Problem. We consider:
Lu = —div(AVu) +b-Vu+cu=f, onf)
u =g, on 02

where f € L%(Q), g € H'(0Q), then Tg is defined on 99, and Tu = T'g on 9. We want
to find a weak solution v € H*(f2) such that

(u—g) € Hy(%),
i.e., Tu =Tg on 9. To do so, set w = u — g, rewrite the BVP in the form:
Lw=Lu—Lg=f—Lg, in ),
{Tw =0, on 0f).
The corresponding weak formulation is
a(w,v) = F(v) —a(g,v), Yve HLQ).
Let
G(v) = F(v) —a(g,v).

We can apply Lax-Milgram Lemma, provided G(v) is continuous in H~1(£2). This follows
since F' is continuous (like previously), and

G <[ flz2llvllar + Killglla ol m,
yielding
Gl -1 < ([ fllz2 + Kaillgllar-

Corollary 7.32. Under the same assumptions a;;,b;,c and f € L? as before, there exists
a unique weak solution u € H' () to the inhomogeneous Dirichlet problem such that

ull e < U2 + llgllar)
Proof. Since G € H™1(Q) = (H}(Q)), the Lax-Milgram lemma implies there exists a
unique w € H} () such that
a(w +g,v) = G(v) + a(g,v) = F(v).
Sou=w+ g€ H(Q) is the solution with u = g on 9.
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7.3.3. Neumann Boundary Conditions. We seek a weak formulation of:

Lu=f on ()
{(AVU) -v=g¢ on 0N (7.3)

where L = —div(AV:)+b-V +¢ and v is the outer normal unit vector on 9. We multiply
by v € H'(2) and integrate by parts using divergence theorem yielding

a(u,v) = /va dzr + /(m(AVu) -vvdS,

—/fvd:c+/ gudS.
Q 0

Let F(v) = [, fudz + [, gvdS. Hence, we seek a solution u € H' () such that
a(u,v) = F(v), Yo e HY(Q).
Lemma 7.33. Let A € CY(Q) N C(Q), bye,f € C(N), and g € C(0S). Then, every

classical solution u to 7.3 is a weak solution and a weak solution u € H(Q) such that
u € C*(Q)NCLAQ) is a classical solution.

Proof. Exercise! O

Remark 7.34. For u € H'(f), we cannot use Poincaré inequality to show coercivity,
hence we need to impose more restrictions.

Theorem 7.35. Let a;j,c € L®(Q), f € L*(Q) and A = (a;j) be uniformly elliptic.
Furthermore, we assume that b =0 and that

c(x) >co>0 Vrel
Then for any g € H* (), there exists a unique solution u € H () such that
a(u,v) = F(v), Yve H(Q),

and
[ull e < Cilllfllze + Callglla)
where C7' = min(a, ¢g).

Proof. Continuity of a(u,v) follows as in the previous cases. To show coercivity, notice
a(u,u) = / a|Vul? + cou? dQ
Q

> min(a, co) [ul%:-
Since _
F(v) = F(v) + (Tg,Tv)2(00)

with F € H-1(9). We have F' € H'(Q) and the Lax-Milgram lemma yields existence and
uniqueness. O

Remark 7.36. If ¢(z) = 0 for all x € 2, we do not get coercivity. Indeed, this case
requires additional conditions:

{—div(AVu) =f onQ

(AVu) -v=g on 0f. (7.4)

Integrating the PDE yields

/Qfdx =— /Q div(AVu) dx
- —AQ(AVU)-VdS
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= / gds.
oN

Also note that if u is a solution of 7.4, then so is @ = u + constant.

7.4. Regularity of Weak Solutions. Motivation: Let u be a classical solution to Au =
f on R™ with f € L?(R™), then

(Au) € L*(R™).
Indeed, all second order derivatives of u are controlled by the L?-norm of f, since

f2d:r—/ (Au)zdac: Z/ Osiu O0jju dx
R" R

R® ij=1

by integration by parts
n
= — Z / 8,~,~ju 8ju dx
ij=1"R"
by integration by parts again

= Z/ 8iju8j,-udac
R’n

1,j=1

= / |D?u|? dx

where D?u is the Hessian matrix. This can be generalized to weak solutions u € H', but
the proof is rather technical (see, e.g., [2, Sec. 6.3] ). The result is:

Theorem 7.37 (Interior Regularity). Let a;; € C*T1(Q), b;,c € C*(Q) and f € H*(Q)
for k € Ng. Let u € HY(Q) be a weak solution to

Lu=f onQ,
and denote by Q1 a domain such that Q; C Q. Then u € H*2(Qy) and 3C > 0 such that
[ull grr2,y) < CUFlar@) + ullLe@))-

Remark 7.38. In other words, u is twice more regular (in an H* sense) than f inside €.
Note that the regularity of g on 02 does not play a role here. Therefore, singularities on
0f2 do not propogate inside of €.

Theorem 7.39 (Regularity up to the boundary). Assume the same conditions as before,
and in addition let 0 € C**2 and g € H*2(Q). Then if u is a weak solution to

Lu=f onQ,
U=y on 082,
then u € H*2(Q). Moreover,
ull ese < C([flmx + gl mesz) -
Question 7.40. What about classical solutions?

Theorem 7.41 (Sobolev embedding). Let Q@ C R™ be open and bounded with 9Q € C*,
and assume that k — 5 >m for k € N and m € Ng. Then

H*(Q) — C™ (),
i.e. 3C > 0 such that
||U||cm(§) < CHUHH’“(Q)-



66 XIAOTONG (DAWSON) YANG

Proof. (sketch) We will prove the case k = 1, m = 0. Let u € C§°(2) and R > 0 such
that Q C Bg(xo) for all zp € 2. Then

u(zo)| = u(zo + RP7) — u(xo)|

because suppu C  C Bgr(xg), u(zo + RV) = 0. Hence,

[u(zo)| =

R q
/0 %u(xo + i) dr

Integrating over v € 9B1(0) yields:
R
10B1(0)|uz0)| < / / Vulzo + 1) - 7| dS dr
0 JaBi(0)

dz
o N
Br(z0) |z — 2o

By Cauchy—Schwarz:
" 1/2
OB O [u(eo) < [Vl | [
Br(wo) |7 — o]
This integral is finite if 2(n — 1) < n. Then, for n < 2,

lello@) = suplu(zo)] < ClIVul 2@

< Cllullg

Approximating u € H'(Q) by a sequence (u;) € C§°(f) yields the result for k = 1,
m=0=n<2.
The general case can be proved similarly. O

For k > 5 and assuming the conditions of the previous theorem, we get
ue H"2(Q) — C*(Q).

Then u is indeed a classical solution to Lu = f on Q with v = g on 9€2. In addition, if all

coefficients in L are in C*°(2), and if f € C*°(£2), then
ue C®(Qy) for Q5 C Q.

Moreover, if 92 € C*°, we get u € C*°(2). The main example being harmonic functions
on Bgr(0).

Theorem 7.42 (Rellich-Kondrachov). Let Q C R™ be open and bounded with 9Q € C*.
Let k € N, m € Ng such that k > m. Then

H*(Q) — H™(Q) compactly,

i.e., bounded sets in H*(Q) are pre-compact in H™(Q). Then, if (uj) C H*(Q) is bounded,
there exists a subsequence (uj, )n>1 such that uj, ~—— u in H™(Q) provided k > m.

Proof. Evans’ book. a
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7.5. Generalized Maximum Principle. We consider elliptic PDEs of the form:

Lu=— Z aij(a:)ngj +b(x) - Vu+ c(z)u

ij=1

which is not necessarily in divergence form.
Remark 7.43. If a;; € C1(Q), Vi, j = 1,...,n, we can write
Lu = —div(AVu) + b- Vu + cu

where b(u) = b(z) — 37, %‘;;j.

67

Theorem 7.44 (Weak Maximum Principle for ¢ = 0). Let Q C R™ be open and bounded,
aij, by € L®(Q), Vi,j=1,...,n, and let A(x) = (a;;) be symmetric and uniformly elliptic.

Let c =0 and u € C*(Q) N C(Q) satisfy
Lu<0 in$ (resp. Lu >0 in Q),

then

supu =supu (resp. infu = infu).
up up (resp. in inf u)

Proof. Step 1: Assume Lu < 0 in  and Jxg € §2 such that

u(xg) = sup u.
Q

Then Vu(xg) = 0, and D?*u(z9) = B = BT is negative definite. We will show that this
implies Lu(xzg) > 0, hence a contradiction. Since A = (a;;) is symmetric and positive

definite, there exists an orthogonal matrix S € R™*"™ such that
SAST = SAS™! = diag(M1, ..., ), A >0, Yi=1,...,n.
We compute (recall that ¢ = 0 and Vu(xg) = 0):

- 0u
Lu(zo) = — Z aij(zo) W@“O)
ij=1 [ty
=bij=bji
=-> (4B");
i=1

= —tr(ABT)

= tr(AB)

where B = D?u(zq) is negative definite, all diagonal elements 3; of SBST satisfy 3; < 0,

so we have
Lu(z¢) = —tr(AB) = —tr(S"'SAB)
= —tr(SABS™)
= —tr(SAS™'BS™)

= _i)\iﬁi >0
=1

a contradiction.
Step 2:Assume Lu < 0, and let
ue () = u(z) + e, with £, A > 0.
Since yT Ay > aly|?, we obtain for y = (1,0,...,0) = ey,
ain(z) > a>0, VYael
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Moreover, since b € L (), |b(z)| < by for some by > 0 and all = € €,
L(us) = L(u) 4+ eL(e*) < eL(eM)
= e(—=M%ag; + by )™
< Ae(—=Aa + bg)er® <0
for A > %0. By step 1,

sup(u + 1) = sup(u + ee*?),
Q o0
and letting € — 0 yields the result. O

Corollary 7.45. Impose the same assumptions as before and let ¢ > 0. If u € C%(Q) N
C(Q) satisfies

Lu <0 (resp. Lu > 0)
on €1, then

sup « = max {0, sup u} (resp. infwu > min {0, infu}).
Q 90 Q o0

Proof. Let Lu < 0 on € and denote
Qp={zreQ:u(x)>0}
If Q4 =0, then u(x) <0 on Q. Otherwise, we get on

0%u ou
By the previous theorem (and since 24 is open), u takes on its supremum on
00y =00 U{z : u(zr) = 0}.

Hence for z¢ € 094, u(zg) = supgq u or u(zg) = 0. O

Remark 7.46. There is also a strong maximum principle which implies that for ¢ = 0,
and Lu < 0, if u takes its maximum on §2, then wu is constant.
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